The Cauchy problem for Schrodinger flows into Kahler 

manifolds 

Carlos Kenig, Tobias Lamm, Daniel Pollack, Gigliola Staffilani, 

and Tatiana Toro 



Abstract. We prove local well-posedness of the Schrodinger flow from 1" into 
a compact Kahler manifold N with initial data infl s+1 (R n , N) for s > [^] +4. 



We consider maps 



1. Introduction 



u : W 1 -> N 



where N is a /c-dimensional compact Kahler manifold with complex structure J 
and Kahler form to (so that to is a nondegenerate, skew-symmetric two- form). Thus 
N is a complex manifold and J is an endomorphism of the tangent bundle whose 
square, at each point, is minus the identity. N has a Riemannian metric g defined 

by 

<?(-,•) =^M0- 

The condition that N is Kahler is equivalent to assuming that V J = where V is 
the Levi-Civita covariant derivative with respect to g. The energy of a map u is 
defined by 

E{u) = i f \du\ 2 dx 

where the energy density \du\ 2 is simply the trace with respect to the Euclidean 
metric of the pullback of the metric g under u, |<iu| 2 — Tiu*(g). In local coordinates 
we have 

2 ^ , , du 1 du^ 



\du\ (x) = >Oij(u(x)) 



a— 1 



(We use the Einstein summation convention and sum over repeated indices.) 
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The L 2 -gradient of E(u) is given by minus the tension of the map, —t(u), 
t(u) is a vector field on N which can be expressed in local coordinates as t(u) = 
(t(w) 1 , . . . ,r(u) fe ) with 

T) k (u) a " for t = l,...,Jb 
Jky ' dx a dx a 

a—l 

where r*- fe (it) are the Christoffel symbols of the metric g at u(x). Critical points of 
the energy are Harmonic maps and are characterized by the equation t(u) — 0. The 
foundational result on the existence of harmonic maps is due to Eclls and Sampson 
[14] and is achieved by studying the harmonic map flow 

du 

at = T{u) 

which is simply the gradient flow for the energy functional on the space of maps. 
Eells and Sampson proved the existence of harmonic maps as stationary points 
of this flow when the domain is a compact manifold and the target is a compact 
manifold of non-positive curvature. In our setting, the symplectic structure on N 
induces a symplectic structure on the space of maps. Let X s = H s (U. n , N) be the 
Sobolev space of maps between R™ and TV as defined below. For s > J + 1, X s 
is a Banach manifold with a symplectic structure f2 induced from that of (JV, u>) 
as follows. The tangent space to X s at a map u is identified with sections of the 
pull-back tangent bundle over R™. We let r(V") denote the space of sections of the 
bundled, for example du € T(T s (W n )^>u- 1 (TN)). For <j,fi € r^-^TW)) = T U X S 
wc define 

f2(<r,jLt)= / uj(<j 7 n)dx. 

In this setting we are interested in the Hamiltonian flow for the energy functional 
E(-) on (X s , O). This is the Schrodinger flow which takes the form 

(1.2) ^ = J(u)r(u). 

This natural geometric motivation for the flow (|1.2p was elucidated in [12] . 

A key aspect of our approach to understanding the flow (|1.2[) is to isometrically 
embed TV in some Euclidean space R p and study "ambient" flows of maps from R" 
to R p which are related to (|1.2[) . This is also central to the Eells-Sampson treatment 
of the harmonic map flow. Toward this end we use the Nash embedding theorem 
to assume that we have an isometric embedding 

w:(N,g)^(W,5). 

Using this we can now define H s (M. n ; N), the L 2 -based Sobolev spaces of maps from 
R™ to N as follows. Note that since the domain is noncompact some care must be 
taken even when s = 0. 

Definition 1.1. For s > 1 let 

(1.3) H s (R" ; N) = {u : R" -> W : u{x) £ N a.e. and 3 y u G N such that 

v-w(y u ) e i 2 (R";R p ), dv e H s - 1 (M n ;W), 
where v — w o u}. 

With this definition in mind we can state our main result. 
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Theorem 1.2. Given (3 > 0, the initial value problem 



for the generalized Schrodinger flow has a solution whenever the initial data uq S 



H s+1 (W l ,N) for s > [§] + 4. Moreover (T^ is locally well posed in iJ s+1 (R", N) 
/ors>[§]+4. 



The question of the local and global well-posedness of equation (|1.4j) with data 
in Sobolev spaces has been previously studied by many authors (see |12L I13|, 111] 
[Ml[Ml[42irmf^fMf4m[44l[TO[^[2Ul[23l \21\). A common feature 
in most existence results for smooth solutions of Schrodinger maps is that they 
are obtained by using the energy method. This method consists in finding an 
appropriate regularizing equation which approximates the Schrodinger flow, and 
for which smooth solutions exist. One then proves that the regularizing equations 
satisfy a priori bounds in certain Sobolev norms, independent of the approximation, 
and that they converge to a solution of the original equation. The differences in 
the distinct results and proofs lie in the type of regularization used. 

Ding and Wang [13] established a similar result to Theorem 1.2 for s > [^] +3. 
Their work proceeds by direct study of equation (| 1 .4[) with (3 > 0, with a passage to 
the limit for (3 — 0. Thus the regularizing equation they use is obtained by adding 
the second order dissipative term /3r(w). In this paper we analyze equation (|1.4|) 
by adding a fourth order dissipative term (note that we allow the case (3 — from 
the start). This term arises naturally in the geometric setting as the first variation 
of the L 2 -norm of the tension. We believe that our regularization of (|1.4[) by a 
fourth order equation, which is geometric in nature, is of intrinsic and independent 
interest. H. McGahagan [311132] in her doctoral dissertation also proved a version of 
Theorem 1.2. Her work proceeds by a different regularization, this time hyperbolic, 
implemented by adding a term of the form — e^r which transforms the equation 
into one whose solutions are wave maps. 

We note that while our existence proof in Theorem 1.2 is different from the ones 
in [13] and [311 132] . our proof of uniqueness is the same, using parallel transport. 
In fact, in Appendix A we extend the uniqueness argument in [32j . carried out there 
in the case when (3 = to the case j3 > 0, which gives the uniqueness statement in 
Theorem 1.2. 

Our proof of Theorem 1.2 actually only shows that the mapping uq h- > u S 
C([0, T], H s +1 (IR n , N)), with s' < s, is continuous. However, one can show, by 
combining the parallel transport argument with the standard Bona-Smith regular- 
ization procedure ([51 1191 [22]) that the statement in Theorem 1.2 also holds. 

Equations of the type ([1.4[) , but with N being Euclidean space are generally 
known as derivative Schrodinger equations and have been the object of extensive 

study recently (see for instance [26j[16j[9j[I!J[m[28l[24l[25])- The results in 
these investigations however do not apply directly to (|1.4p for two reasons. The 
first one is the constraint imposed by the target being the manifold N. The second 
one is that in these works one needs to have data uq in a weighted Sobolev space, 
a condition that we would like to avoid in the study of ([1.4D . 

It turns out that for special choices of the target N, the equations ()1 .4(1 are 
related to various theories in mechanics and physics. They are examples of gauge 
theories which are abelian in the case of Riemann surfaces (Kahler manifolds of 



(1.4) 
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dimension 1 such as the 2-sphere S* 2 or hyperbolic 2-space H 2 ). In the case of the 
2-sphere S 2 , Schrodinger maps arise naturally from the Landau-Lifschitz equations 
(a [/(l)-gauge theory) governing the static as well as dynamical properties of mag- 
netization [301 138] . More precisely, for maps s : K x R™ — > S 2 <—* M 3 , equation 
(|1.4p takes the form 

(1.5) d t s = sxAs, \s\ = l 

which is the Landau-Lifschitz equation at zero dissipation, when only the exchange 
field is retained [291 I38j . When n — 2 this equation is also known as the two- 
dimensional classical continuous isotropic Heisenberg spin model (2d-CCIHS); i.e. 
the long wave length limit of the isotropic Heisenberg ferromagnet ( [29J, 1381 142j ) . 
It also occurs as a continuous limit of a cubic lattice of classical spins evolving in 
the magnetic field created by their close neighbors [42] . The paper [42] contains, in 
fact, for the cases n = 1,2, N — S 2 the first local well-posedness results for equation 
(|1.4p or (|1.5[) that we are aware of. In |10j . Chang-Shatah-Uhlenbeck showed that, 
when n = 1, (|1.5[) is globally (in time) well-posed for data in the energy space 
H 1 (M. 1 ; S 2 ). When n = 2, for cither radially symmetric or 5 1 -equivariant maps, 
they show that small energy implies global existence. For global existence results 
see also 139] . In [33] 134] , the authors show that, when n = 2, the problem is locally 
well-posed in the space H 2+£ (M. 2 ; S 2 ), while the existence was extended to the space 
H 3 / 2+£ (R 2 ;S 2 ) in [20 and 23j, and the uniqueness to the space H 7 / 4+t {R 2 ; S 2 ) 
in [2T] . 

More recently, in [3l 117] , a direct method, in the case of small data, using fixed 
point arguments in suitable spaces was introduced. The first global well-posedness 
result for (| 1 . 5[) in critical spaces (precisely, global well-posedness for small data in 
the critical Besov spaces in dimensions n > 3) was proved, independently in [18] 
and [4]. This was later improved to global regularity for small data in the critical 
Sobolev spaces in dimensions n > 4 in [i5J . Finally, in [6j , the global well-posedness 
of (|1.5p . for "small data" in the critical Sobolev space H% (W 1 , S 2 ), n > 2, was 
proved. 

Remark 1.3. A first version of this paper was posted on arxiv:0511701, in No- 
vember 2005, by C.K., D.P., G.S. and T.T. The paper was withdrawn in May 2007. 
The reason for this was that Jesse Holzer, at the time a graduate student of Alex 
Ionescu at the University of Wisconsin, Madison, discovered an error in the original 
argument. The source of the error was in the construction of the ambient flow equa- 
tions, which were introduced in the first version of the paper. The construction of 
the ambient flow equations resulted in equations of quasilinear type in the leading 
order term, which could not be solved by the Duhamel principle as was pointed out 
by Holzer. 

C.K., D.P., G.S. and T.T. are indebted to Jesse Holzer for pointing out this 
error and to T.L., who constructed new ambient flow equations, whose leading order 
terms are eA 2 , which can then be dealt with directly by Duhamel's principle. The 
price one pays for this change in the ambient flow equation, is that it turns out to 
be more difficult to show that if the initial value takes values in the manifold, so 
does the whole flow. All of this is carried out in Lemma 2.5 and Lemma 2.10. 

Notation We will use C, c to denote various constant, usually depending only on 
s, n and the manifold N. In case a constant depends upon other quantities, we 
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will try to make that explicit. We use A < B to denote an estimate of the form 
A < CB. 



The method we employ in order to establish short-time existence to (ll.4[) is in 
part inspired by the work of Ding and Wang [12] . We seek to approximate equation 
(jl.4p by a family (parametrized by < e < 1) of parabolic equations. We establish 
short time existence for these systems and use energy methods to show that the time 
of existence is independent of e and obtain e independent bounds which allow us to 
pass to the limit as e — * and thus obtain a solution to (|1.4[) . The regularization 
we use differs substantially from that of Ding and Wang because we wish to view 
the right hand side of (|1.4[) as a lower order term (in the regularization) so that we 
can use Duhamel's principle and a contraction mapping argument to establish and 
study the existence of our derived parabolic system. 

The energy method we employ ultimately depends on establishing e indepen- 
dent L 2 -estimates for the tension, t(u) and its derivatives. This suggests that we 
regularize (|1.2[1 by e times the gradient flow for the functional 



2.1. Geometric Preliminaries. We perform many of our computations in 
the appropriate pull-back tensor bundles over M" . We begin by recalling alternative 
formulations of the tension t(u) in this setting (see |14j ). First note that du is a 
closed 1-form with values in u~ l {TN). The tension is simply minus the divergence 
of the differential of u 



where 6 denotes the divergence operator with respect to the metric g. In particular, 
this shows that a map u is harmonic if and only if its differential is a harmonic 1- 
form. Let V denote the covariant derivative on T*(K") eg) w _1 (TiV) defined with 
respect to the Levi-Civita connection of the Euclidean metric on 1" (i.e. the 
ordinary directional derivative) and the Riemannian metric g on N . For a = 
1, ... ,n we let V ' a u G r(tt (7W)) be the vector field given by 

du 1 d 

( 2 -l) V « tt = 

where (it 1 , . . . , u k ) are coordinates about u(x) G N. In particular 



The second fundamental form of the map u is defined to be the covariant derivative 
of du, Vdu £ r((T 2 R n ) (8) u _1 (TiV))- In local coordinates we have for i = 1, . . . , k 
and a, ft S 1, . . . n, 



2. A fourth order parabolic regularization 




ddu G r(«- x (TiV)) 




(2.2) 



d 2 u l 



dx a dxP 




du^ du k 
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Note that here the subscript a actually denotes covariant differentiation with re- 
spect to the vector field V Q u as defined in (|2.ip and we have V Q V pu — V^VqM. 
The tension is simply the trace of Vdu with respect to the Euclidean metric, S = 5 a p 



(2.3) 



r{uf 



dx a dx a 



dv? du k 
dx a dx a 



from which we recover p. ID . 



2.2. The gradient flow for G{u). For a given vector field £ £ T(u~ l (TN)), 
we construct a variation of u : K" — > iV with initial velocity £ as follows. Define 
the map 

{/ : R" X M — *■ iV 

by setting 

U(x, s) = exp u(x) s£(x) 

where exp^^-, : T U ^N — > N denotes the exponential map. Set u s (x) — U(x,s) 
and now let V denote the natural covariant derivative on T*(R™ xl)8 lf~ 1 (T./V). 
Then 



as 



-0 * as 



s=0 



s=0 



— (T(u s ),T(u s ))dx 



(V s r(u s ),T(u s ))dx 



where the inner products are taken with respect to g and we have used the metric 
compatibility of V. Let R — •)• denote the Riemann curvature endomorphism 
of V. Using (|2.3p and the definition of R we see that 

V s t(u s ) = V s V a V a u s 

= V a V s V a u s - R(V a u s , V s u s )V a u s 
= V Q V Q V s u s - R(V a u s , V s u s )V a u s . 



Therefore 
d 



ds 



G(u a ) 



s=0 



/ (V a V a V s ii s - R(W a u s , V s u s )Vq.u s , r(u s ))dx 
/ <V a V a £, r(u))dx - / (R(V a u,£)V a u,T(u))dx 



By the symmetries of the curvature we have 



(R(V a u, £)V Q u, r(u))dx 



(R(V a u, t(u))V q m, Qdx 



and provided that t(u) and V a r(u), for a = 1, . . . ,n, are in L 2 (and likewise for 
v) we may integrate by parts to obtain 



(2.4) -G(u s ) 



s=0 



(^V a V a T(u))dx 



(R(V a u, t(u))V q u, £)dx. 
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Proposition 2.1. The Euler-Lagrange equation for G acting on fP +1 (R n , N), for 
s > 3 is 

(2.5) F(u) = V Q V Q r(u) - R(V a u, r(u))V a u = 0. 

The parabolic regularization of (|1.4| which we now proceed to study is 



(2.6) 



$s = -eF(it) + J(«)r(u) + 0t(u) 
u{0) = u 



2.3. The ambient flow equations. Rather than attempting to study the 
parabolic equations (|2.6|) directly we will focus on the induced "ambient flow equa- 
tions" ior v ~ wou where w : (N,g) — > R p is a fixed isometric embedding. We fix a 
S > 0, chosen sufficiently small so that on the 5-tubular neighborhood w(N)$ C W, 
the nearest point projection map 

n : w(N)s -► uj(iV) 

is a smooth map (cf. [40j §2.12.3). For a point Q € w(N)$ set 

p(Q) = Q - n(Q) e K p 

so that |p(Q)| = dist (Q,w(N)), and viewing p and II as maps from w(N)$ into 
itself we have 

(2-7) n + P = id\ w{Nh . 

Note that then the differentials of the maps satisfy 
(2.8) dU + dp = Id 

as a linear map from W to itself. For any map v : K n — > w(N)s we set 

2» = Au - n„ t (vK*£ 

where 1 < a, 6 < p are the components of the Hessian of II at v(-). At a 

point y € iV the Hessian of n is minus the second fundamental form of N at y. So 
if v = w o u, with u : R — > AT, then T(u) is simply the tangential component of the 
Laplacian of v which corresponds to the tension of the map u, i.e. 

dw{r(u)) = (Av) T = dU(Av) = T{v). 

Therefore, in direct analogy with the functional G(-), we now consider 

g(v) = \ [ \T(v)\ 2 dx 

£ .Ion 



\Av-n ab (v)v a a v b a \ 2 dx 



Our point here (and hence the seemingly odd notation) is that we wish to consider 
T(v) for arbitrary maps into w(N)s whose image does not necessarily lie on N. 

Definition 2.2. For v : R™ — > w(N)s, let T(v) denote the Euler-Lagrange operator 
of Q(v) with respect to unconstrained variations. A simple computation shows that 
its components are given by 

(F(v)T = (AT(v)Y 



a,/3—l 

A 2 v c -(T(v)) c , 
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where 

n 

(nv)y= Yl (A(ns 6 («Kf|) + r(f) e nS6c("K^-(r(«) e nSc(t;K)/3 

a,/3=l 

- (T(vfllt b (v)v b p) a ) 

denotes the lower order terms. Note that the subscripts here refer to coordinate 
differentiation in K™ (Greek indices) or MP (Roman indices). 

For v = w o u, we wish to consider compactly supported tangential variations 
of G(v). Such variations correspond to (compactly supported) vector fields <f> on 
w(N)s which satisfy dp(4>) = 0. 

Proposition 2.3. If u : W 1 -> N and v = w o u then for all 4> e T(Tw(N) s ) with 
compact support such that dp(<j>) = 0we have 

d „, 

-rG{v + sq 
as 

Recall that dU = Id — dp. 



s=0 



(F{v),(f>)dx= [ (dIl(F(v)),4>)dx. 



Definition 2.4. If v = won, then the ambient form of the Schrodinger vector field 
J(u)t(u), is given by the vector field f v with 

( 2 - 9 ) = dw L-i nw .)) I^"^^^, ( dn k«) ( Aw ))]' 

Note that f v is defined for maps v : M™ — > w(N)g whose image does not necessarily 

lie on iV. 

Next we have the following Lemma. 
Lemma 2.5. //it : M. n — > iV and v — w o u then we have 
dp(v){T{v)) =A{U ab (v)V a v a V a v b ) + div(U ab (v)Av a Vv b )+U ab (v)V a Av a V a v b 
-dp(v)(T(v)) 
=:H(v). 

PROOF. This follows from the facts that 

dp(v)(T{v)) = dp(v)(A 2 v) - dp(v)(?(v)), 

Adiv(dp(v)(Vv)) =A(dp(v){Av)) + A(p ab (v)Vv a Vv b ) 

=div(dp(v)(WAv)) + div( Pab (v)Av a Wv b ) 

+ A(p ab (v)Vv a Vv b ) 
=dp(v)(A 2 v) + p ab (v)VAv a Vv b 

+ div(p ab (v)Av a Vv b ) + A( Pab (v)Vv a Vv b ) 



and 



Finally we note that 



dp(v)(Vv) = 0. 

Pabiv) = -U ab (v). 



□ 
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Remark 2.6. Note that Ti.(v) only contains derivatives of v up to third order. 
Moreover this term is well-defined for every v : R" — > w(N)$. 



The regularized ambient equations are given by 
(2.10) 



§f = -e(F(v)-H(v))+f v +$Tv 
v(0) = v 

The basic relationship between the regularized geometric flows (|2.6[) and the regu- 
larized ambient flows l|2.10p is provided by the following Lemma (cf. §7 of |14j ). 

Lemma 2.7. Fix e G [0, 1]. Given u Q G # S+1 (R'\ AT) im'tt s > 3, to : N -> R p an 
isometric embedding, and T £ > 0, a /Zow it : R" x [0, T e ] — > N satisfies \2. 6]) «/ and 
only z/ t/ie /low v — w o u : R™ x [0, T e ] — > R p satisfies with vq — w o uq. 

Proof. First note that since w is an isometry we have 

(2.11) |7»| 2 = \t(u)\ 2 

and therefore G(v) = G(u). Given £ G r(u _1 (TA^)) a smooth compactly supported 
vector field set <j> = dw(£) G r(w _1 (TR p )). As before we consider the variation of 
u given by u s (x) — exp u , x \ s£. We then have 

w o u s = v + s<j) + C(s 2 ) 

so that 

G(u s ) = g{v + s0) + O(s 2 ). 

Therefore 

JR« JR™ 

Observe that 

( " 2) i(^«>-i(*-(i)-*<«)-L(t*>*- 

Since = and H(v) = dp(J-(v)) we also have 

(2.13) -el (F{u),£)dx = -e { {J r (v),(f))dx = -e [ {F(v) - H(y), (j>)dx. 

JR™ JR™ JE™ 

Note that 

(J(u)t(u), £)dx = [ (dw(J(u)T(u)),dw(£))dx 

( < iu;[J(K;- 1 (n(u)))(du))- 1 (T(w))],du)(e))rfa; 
(f v ,4>)dx 

JR™ 

and 

(r(u),^)dx = / (dw(T(u)),dw(t;))dx 



(Tv, 4>)dx. 

This together with (|2.12j) and (|2.13[) implies that the flows correspond as claimed. 

□ 
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We end this section by exhibiting in a more practical form the structure of the 
parabolic operator appearing in the regularized ambient flow equations (|2.10p . 

Definition 2.8. For v : R™ — > R p , and j e N we let d^v denote an arbitrary 
j'/i-order partial derivative of v 

d°v 

d 3 v — — with a± H a r = j 

dx ai ■ ■ ■ dx a - 

and let 

d 31 v * ■ ■ ■ * d Jl v 

denote terms which are a sum of products of terms of the form d J1 v, . . . , d Jl v. 
Proposition 2.9. Let v : R" -> w(N) s C R p , then 

s(F(v) - H(v)) + f v + f3Tv 

4 

= -eA 2 t)-£^] A Ul ... jl) (v)d jl v*---*d J >v + B {v)d 2 v + B 1 (v)dv*dv 

1=2 Ji+-+jj=4 

where each j s > 1 and each of )(v), Bq(v) and B\(v) are bounded smooth 

functions of v. 

Proof. This follows from the explicit expressions for T{v), Ti.{v), f v and Tv. 

□ 

In the following Lemma (which is a suitable modification of Theorem 7C of |14j ) 
we show that if v : R n x[0,T] -> u>(JV)a is a solution of (pOO]) andif^o : R" w(N), 
then u : R" x [0,T] -> to(JV). 

Lemma 2.10. Fix e > awe? /? > 0. Lei v : R n x [io,ii] — > w(N)s be a solution of 
(|2T0f u«ift u(x,i ) = v (x) G w(iV), w/iere v Q G H s+1 {W l ,w(N)) with s > [§] + 4. 
TTien f) G iu(iV) /or all x G R™ and a// 1 G [i , ii]- 

Note that in this case by Lemma 1^771 u (x, t) = w" 1 o u(a;, t) solves 

f ff = -eF(u) + J(«)t(«) + /3r(u) 
\ u(x,t ) = u (x) = w" 1 o v (x). 

Proof. We start by calculating 
d t p(v) =d a p(v)d t v a , 

Ap(v) =d a p{v)Av a - n ab (v)\7v a \7v b and 
A 2 p(v) =A(d aP (v)Av a ) - A(ll ab (v)Vv a Vv b ) 

=div (d a p(u)VA/j -div(n a6 (<u)A<!; a W) - A(n a 6(u)Vu Vu 6 ) 
=d Q p(»AV - Tl ab (v)VAv a Vv b - div(ll ab {v)Av a Vv b ^ 

-A(n a6 («)v« a Vu 6 ). 
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Here we used again that U ab (v) = —p a b{v)- Now if v is a solution of (I2.10|) we get 
that 

d t v = - eA 2 v + eT(v) - edp{v)P{v) + f v + /3Av - (3Il ab {v)V v a V v b 

+ e(^A{n ab (v)Vv a Vv b ) + div(Tl ab (v)Av a \7v b ) + H ab (v)VAv a \7v b ^j 
=(3Av - eA 2 v + edIl{v)T(v) +f v - (3Il ab (v)V v a V v b 

+ e(A{n ab (v)Vv a Vv b ) + div{U ab {v)Av a Wv b ) + Il ab (v)VAv a Vv b ^ . 
Combining these two calculations yields 
(d t -(3A + eA 2 ) P {v) = edp(v)(dU(v)^(v)) + dp(v)f v - f3dp(v)(U ab (v)Vv a Vv b ) 
+ edp{v) (^A(U ab {v)Vv a Vv b ) + div{Il ab {v)Av a Vv b ) + Il ab (v)V Av a V v b 

+ f3Tl ab (v)\7v a \7v b - s(^A{n ab {v)Vv a \7v b ) + div(II ab (u) Av a \7v b ) 
+ U ab (v)VAv a Vv b ^j 
=dp(v)f v + pdU(v)(U ab (v)Vv a Vv b ) - edU(v)(^A{U ab (v)Vv a Vv b ) 
+ div(Tl ab (v)Av a Vv b ) + Tl ab (v)VAv a \7v b ) + edp(v)(dIL(v)f(v)). 



Multiplying this equation with p(v) and using the facts that (note that /„ S 
T n(v) w(N)) 

p{v) ■ dn(v){4>) =0 V(f>ew(N) s , 
p(v) ■ dp(v)f v = p(v) ■ (f v - dU(v)f v ) =0, and 
p(v) ■ dp(v)(dR(v)(<f>)) = p(v) ■ dU(v)(dp(v)((j))) =0 V0 S w(N) s , 

gives for all t £ (to, ii) 

\d t \p{v)\ 2 =(p(v),pAp(v)-sA 2 p(v)}. 
Integrating this equation over 1™ and using integration by parts, we have for all 

t e (t ,ti) 

dt I \p(v)\ 2 =-2 f (l3\\7p(v)\ 2 +e\Ap(v)\ 2 ) 
Jr™ Jr™ 

<0. 

Since p(vo) = this implies that p(v) — for all t £ [ta,ti] and hence finishes the 
proof of the Lemma. □ 

3. The Duhamel solution to the ambient flow equations 

In this section we introduce a fixed point method that solves the initial value 
problem dTTO]) in the Sobolev space # s+1 (R n ,R p ), for s > § + 4. To simplify the 
notation, using Proposition ^. 91 we rewrite (|2.10p as 



(3.1) 



§f = -eA 2 v + N(v) 
v(x,0) = v , 
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where 

4 

(3.2) N(v) = -e^2 A {ju _ M (v)d n v*---*d jl v 

1=2 jl + -+ji=4 

+B a (v)d 2 v + Bx(v)dv * dv. 

We now state the well-posedness theorem for p. II) . For any fixed vo, define the 
spaces 

L\ = {v : R" - W\ \\v-Vo\\v<S}. 

and 



L 



2,oo 



{< 



>| ||u- v \\ L 2,\\v-v \\ L ™ < 5}. 



We then have the following theorem: 

Theorem 3.1. Assume 5 > 0, e > 0, and 7 <E R p are fixed. Then for any 
(v Q - 7) £ H s+1 (W n ,RP), s > f + 4 there exist T e = T(e,S, \\dv \\ H ,,\\v - j\\ L ,) 
and a unique solution v = v e for fOP such that v £ C([0, T £ ],H S+1 n L s '°°). 

To prove the theorem we rewrite (I3.ip as an integral equation using the Duhamel 
principle: 

(3.3) v(x,t) = S s (t)(v - j) + f S E {t-t')N(v)(x,t')dt' + 7, 

Jo 

where for / £ H S+1 (W\ W) 



(3.4) 



S £ (t)f(x) 



Ji^.O-elJI 4 *) 



is the solution of the linear and homogeneous initial value problem associated to 
(|3.1[) . The main idea is to consider the operator 

(3.5) Lv(x,t) = S e (t)(v - j) + f S e (t-t')N(v){x,t')dt' + 7 

Jo 

and prove that for a certain T £ the operator L is a contraction from a suitable ball 
in C([0, T £ ], H s n L5' 00 ) into itself. 

To estimate L we need to study the smoothing properties of the linear solution 
S e (t)vo. Because the order of derivatives that appears in N(v) is 3, in order to 
be able to estimate the nonlinear part of L in H s+1 , we should prove that the 
operator S e (t) provides a smoothing effect also of order 3. We have in fact the 
following lemma: 

Lemma 3.2. Define the operator D s , s £ R as the multiplier operator such that 
D*f(£) = |£| s /. Then for any t > and i = 1, 2, 3, 

(3-6) \\Se(t)f\\v < ||/|U», 

(3.7) \\D>S e (t)f\\v < t-i £ -i\\D s - l f\\ L 2. 

Proof. The proof follows from Plancherel theorem and the two estimates 



lit 



-e|«l 4 t 



-e\a\H 



< 1 

< \S,\ s ~H-ie-i. 



□ 
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To state the next lemma, where we show how for small intervals of time the evolution 
S s (t)(vo — 7) stays close to vo — 7, we need to introduce the space H s . This space 
denotes the homogeneous Sobolev space defined as the set of all functions / such 
that D s f G L 2 . 

Lemma 3.3. Let a G (0, 1), s > § + 4cr and assume that f G H ia n H s . Then 
(3.8) \\S e (t)f-f\\ L ~ < £^01/11^ + 11/11^], and ||5 e (t)/-/|| L2 <e^\\f\\^. 
PROOF. By the mean value theorem 



-*iei*t 



1 



< 



which combined with the trivial bound 

e-l«l 4 *-l 

gives, for any a £ [0, 1] 

(3.9) e- £| « |4 *-l <■ 
We now write 

(3.10) \(s s (t)-i)m\ 



\Z\ 4 te, 



< 2 



(\Z\Hey. 



< 



(tey / \f\m\ 4 



{tey 



?i<i 



?i>i 



and this concludes the argument since s > \ + 4cr guarantees the summability after 
the application of Cauchy- Schwartz. Note also that 



(3.11) 



\\(s e (t)-i)f\\L* < ue-^-miri 

< (tey (/(i£i 4CT ) 2 i/i 2 

< (te) CT ||/ll^ < (fe) CT ||5/l| ff — 



□ 



We are now ready to prove Theorem 13.1 



PROOF. For T e , r > and s > § + 4 consider the ball 

B r = {dv G # s : ||0(u - u )||l» ,jp < r} n L 2 s ,OQ . 

We want to prove that for the appropriate T e and r, the operator L maps -B r to 
itself and is a contraction. We start with the estimate of the linear part of L. By 
(|3.6p we have 
(3.12) 

\\d{S e {t){v Q - 7) - (vo - 7))lk- $ 11(1 + D s )S E (t)dv \\ L 2 + \\dv a \\ H s < \\dv \\ H s. 
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To estimate the nonlinear term we use Q3.6[) (|3.7|) . and interpolation : 



(3.13) 



S e (t-t')N(v){x,t')dt' 



S s (t-t')dN(v){x,t')dt' 



L 2 



D s S e {t-t')dN{v)(x,t')dt' 



L 2 



< 



< 



dN(v)\\ L 2{t')dt' + / (t')- 3/4 £~ 3/4 \\D s - 3 dN(v)\\ L 2{t')dt' 



(l + (t')- 3/4 e- 3 / 4 )||^||S s (t')^', 



where m is the order of the nonlinearitjQ N(v). Note that to control dN(v) and 
D s ~ 3 dN(v) in the previous inequality we are never in the position of estimating v 
in L 2 . By d3T5j) , $3J$j, (|3T2f and ([3T3]) . we obtain the estimate 

(3.14) \\d(Lv-v )\\ H£ (t)<C \\dv \\ H s+Ci [\l + (t')- 3 / 4 e- 3 / 4 )\\dv\\%s(t')dt'. 

Jo 

Thus 

(3.15) \\d(Lv-vo)\\ L - s . < CoWdvoWHs+C^-^T'^WdvW™^. 

We still need to check that Lv is continuous in time and that Lv £ L^' 2 . The 
continuity follows directly from the continuity of the operator S e (t). To prove the 
L°° and L 2 estimates one uses (|3.8j) with a — 1/4 applied to / — vq — 7, the Sobolev 
inequality and estimates similar to the ones used to obtain (|3.14[) . One gets 

(3.16) \\Lv-v \\ L¥L 2 + \\Lv-vo\\ L ~ L ~ ^C^T^WdvoWn. 

1 £ x 1 e x 

+ c ie -ir 6 v*||ft,||2* 

We now take r = 3Co||wo||h s and 

(3.17) T e < min(,5 4 Cr 4 e 3 6~ 4m C ( 7 4m ||i;o|| H t m+4 ,<5 4 2- 4 C 1 - 4 e- 1 ||i;o|| H t) 

so that (|3.14p and (|3.16p guarantees that L maps B r into itself. Note that (|3.13|) 
yields for v, w S B r 



(3.18) / S e (t-t')d[N(v) -N(w)](x,t') dt' 
Jo 

< £ -V*TV 4 \\d[N(v)-N(w) 
Therefore 

(3.19) \\d(Lv-Lw)\\ L¥ H° 

1 e x 

< £ -^T^\\d[N(v)-N(w)}\\ .-, 

< £ -m T ^ C {6){\\dv\\^ Hi + \\dw\\l^)\\d(v ~ w)\\ L ~ Hi 

< e-V*TV*C{S, \\dv \\ H s)\\d(v - w)\\ L ~ Hi . 
Similarly one shows that 

\\Lv - Lw\\ L ~ Hi < e-V 4 T^ 4 C(6, \\dv \\ H s)\\d(v - w)\\ L ~ H .. 



4n our case actually one can compute that m = 4. 
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By shrinking T e further by an absolute constant if necessary from (|3.19|) and (|3.20|) 
we obtain 

(3.20) \\Lv- Lw\\ L ^ Hi +i < ^\\v-w\\ L ^ Hi +i. 

The contraction mapping theorem ensures that there exists a unique function v = v £ 
in Lg fl {dv £ H s : \\d{v — vo)\\l^ ,h s < r } which solves the integral equation (|3.3() 
in the time interval [0, T e ] defined in (|3.17|) . Moreover v £ B r by our choice of 
T e . The uniqueness in the whole space H^. +1 (~l L^ ,oc follows by similar and by now 
classical arguments. □ 



4. Analytic preliminaries 

In this section we state and present the detailed proof of an interpolation in- 
equality for Sobolev sections on vector bundles which appears in [13] (see Theorem 
2.1). This inequality was first proved for functions on R™ by Gagliardo and Niren- 
berg, and for functions on Riemannian manifolds by Aubin pQ. The justification 
for presenting a complete proof is that this estimate plays a crucial role in the 
energy estimates and therefore in the proof of the results this paper. The precise 
dependence of the constants involved in this inequality is vital to our argument and 
we feel compelled to emphasize it. 

Let II : E — > R™ be a Riemannian vector bundle over R™ . We have the bundle 
A P T*R™ ® E — > R™ over R™ which is a tensor product of the bundle E and the 
induced P-form bundle over R", with P = 1, 2, . . . ,n. We define T(K p T*W l (g> E) 
as the set of all smooth sections of A P T*R™ £g) E — > R™. There exists an induced 
metric on A p T*R ra ® E — > W 1 from the metric on T*R n and E such that for any 
3i,s 2 S r(A p T*R n <g) E) 

(4-1) (si,s 2 )= (si(ei 1 ,---e ip ),s 2 {e 1 ,...e. lp )} 

ii<---<i p 

where {e^} is an orthonormal local frame for TR™. We define the inner product on 
r(A p T*R™ ® E) as follows 

(4.2) (si,s 2 ) = / (si,s 2 )(x)dx. 

The Sobolev space L 2 (R™, A P T*R™ <g) E) is the completion of T(A p T*R n <g> E) with 
respect to the above inner product. To define the bundle- valued Sobolev space 
H k ' r (W l , A P T*R™ (g> E) consider V the covariant derivative induced by the metric 
on E, then take the completion of smooth sections of E in the norm 

(4.3) 11*11^ = 114^= (j2j R jV l s\ r dx^ 
where 

(4.4) IV^I 2 = (V--- Vs,V--- Vs). 

i— times i— times 



If r = 2, H k - r = H k . 
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Proposition 4.1. Let s £ C^°(E) where E is a finite dimensional C°° vector 
bundle over E™. Then given q, r £ [1, oo] and integers < j < k we have that 

(4.5) ||V'*||i, <q|V fc S ||| 5 || S ||i7 a 
with p £ [2, oo), a £ (j-, l] and satisfying 

,.„s 1 j 1 /l 1 fc 

(4.6) _ = £ + _+ a 



If r = n/k— 1 7^ 1 then ()4.5j) does not hold for a = 1. The constant C that appears 
in (|4.5|1 only depends on n, A:, j, g, r and a. 

Proof. If / is a real valued smooth function with compact support on E then 
Theorem 3.70 in [2] ensures that (|4.5[) holds. 

Case 1: Let j = and fc = 1. Then for / = |s| we have by (|4.5| that 
(4.7) IM|L P <C||V| S |||^|| S ||i7 a . 
Kato's inequality ensures that |V|s|| < |Vs| which using (14. 7|) yields 
(4-8) NUp < C||V S |U| S ||i7 a , 

which proves l|4.5p for j = and k — 1. In general if / = | s | Kato's inequality 
ensures that |V|V J s|| < |V J ' +1 s| which yields using (|4.8p 

(4.9) I|V j S ||lp < C||V|V J S |||2,||V J S ||i7 a 



< cuv^+^ii^liv^ii 1 - 



where a G (0, 1) and 
(4.10) 



11 /111 
- = - + a 

p r \q r n 



Note that so far the condition p > 2 has not played a role. 
Case 2: Let j = 1, fc = 2 and ± < a < 1. If a = 1 (O yields 
(4.11) ||Vs||lp < C\\V 2 s\\ Lq 

with 

(4.12, - = ---. 

p q n 

If a = i, assume p > 2 then 

(4.13) div (|Vs| p - 2 Vs, s) = |Vs| p + |Vs| p - 2 (V«V Q s, s) + 

+{p - 2)|Vs| p - 4 (V /3 s, V Q V /3 s) (Va«, s). 

Since 

(4.14) / div(|Vs| p ~ 2 Vs,s) = 

JR" 

then (|4.13p gives 

(4.15) f \Vs\ p < (n+p-2) [ \Vs\ p - 2 \V 2 s\\s\. 

JR" JR" 

Given our choice of j = 1, k = 2 and a = i we have - + - = i-e. - + - + 

J 7 2 q r p 7 q r p 

Thus Holder's inequality yields 

(4.16) ||V.s|| p P <(n + p-2)||V 2 S || L ,|| S || L H|V S ||^ 2 , 
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thus 

(4.17) HVslU* < v/n + P-2||V 2 S ||i,|| S |||, 

with 

1 1/1 1 



(4.18) 

p 2 \r n 

For a £ (§,l) we consider two cases: q < n, and q > n. For q < n using 
convexity of log ||/||^ P as a function of p we have 

(4.19) \\Vs\\ L „ < ||V S ||M|Vs||^ Q with a = p _ — € (0, 1) 

where t < p < a are such that 

2 11,111 

(4.20) - = - + -and- = . 

t q r a q n 

Using (|4"TTj) and (|4"T7|) we have that 

(4.21) ||Vs|| £ . < q|V 2 s|| L , 
and 



(4.22) ||V«|U« <q|v 2 s | 
Combining §€Wjt , fl~2Tj) and P~2"2")) we obtain 

(4.23) ||Vs|| LP <C||V 2 S ||i; f || S |||, 
where 

,.~.s 1 1 1 / a\ /l 1 2 

(4.24) _ = _ + _+ ! 

p n r V 2 / \q r n 

which proves the case a € l) and q < n. 
For q > n, t > and 6 6 (0, 1) such that 

(4.25) 1 ' I 

p t \q t n / 

we have by (|4.9[) 

(4.26) ||Vs||iP <C||V 2 S || fc L5 ||V S ||^ b . 
Choosing £ > so that 

(4.27) 

we have by (|4.17p 

(4.28) ||V«|U« <q|V 2 S ||i|| S ||i. 
Combining (|4.26|) and (|4.28p we obtain 

(4.29) ||V S || L , <C||V 2 S ||ff \\s\\f 
with 

1 1 1 fb+l\ (I 1 2 



2 1 1 

t q r 



(4.30) 

p n r \ 2 J \q r n 
by fl~2"5]) and P~2"7) . This concludes the proof of Case 2 
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Case 3: Let j = and k = 2. From (14. 8| we have 



N^<q|Vs||£U4£ 



1 — ai 



(4.32) 



(4.33) 



(4.31) 

with ai € (0, 1) and 

11 /111 
- = - + ai 

p r \q± r n 

Choosing qi so that 

111 /l 1 2 
— = - + -+a 2 [ 

qi r n \q r n 

then a 2 € \\, l) and 

(4.34) ||V S |U 91 < C||V 2 S ||-|| S ||^ a2 

Combining (|4.31[) and (|4.34|) we have that 



2 „||0102 I 



1 1— ai«2 



I £9 



(4.35) ||s|| L p < C||V 2 s 
with 

(4.36) - = - 

from (|3"32]l and (OS). 

Case 4: We now proceed by induction on k. Assume that for k > 2 and j < k we 
have proved (|4. 5[) . Let j < k < k + 1 . By (|4.9p we have 



1 _ 1 

p r 



1 1 2 

q r n 



\V k s\\ Lqi <C||V fc+1 S ||^ 2 ||V fe S 



7fe „|| 1— «2 



\L r 2 



(4.37) 
with 

(4.38) l = l +a2 fl_l_I 

<h r 2 \q 2 r 2 n 

By the induction hypothesis, applied to V fc— 1 s, we also have 
(4.39) 
with 

(4.40) 

and 
(4.41) 



|v fe s || L , 2 <q|v fc+1 s ||^ 3 ||v 



fc -^lll-3 Q3 



i _ i 

r2 r 3 



1 



a 3 



IIV 



with 
(4.42) 



1 

Hi 



fc-i, 
1 

r 4 



S\\L r o 



<C||V 



1 1 

I] CJ4 |! 



L«4 I 



I 1 — 04 

L''4 



jfc - 1 



a 4 



1 jfc 

T4 n 



Letting q^ — r 2 , q 3 — q, ~ r 1 r 2 ^ p we obtain 



(4.43) ||V fc s|| LP < C*||V fc+1 s 



with a = 



"3 



and 
(4.44) 



1 

P 



1 jfc 



1 — &4 + 0,304 
1 jfc + T 



-•1 
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By hypothesis for j < k and using (|4.43|) we have 

(4.45) hv^Hl- < q|v fe s ||^lklli7 ai 

< C\\W k+1 s\\ a L ° q ai \\s\\ 1 - aoai 



with apai € 



-2— 1 

fe+i ' 1 



and 



11? fl 1 k + 

(4.46 - = - + ± +ai a Q ( 

p r n \q r n 

which finishes the proof of the proposition. □ 

Corollary 4.2. Let u <G C°°(M. n ,N) be constant outside a compact set. Then for 
k > 1, q, r 6 [1, oo ) and < j < k — 1 we have 



(4.47) \\V j+1 u\\ L P <C\\V k u\\ a Lq \\\7u\\ 

with 



l-a 



„ Jnl 1 j 1 /l 1 fc-1 

(4.48) - = - + - + a 

p n r \q r n 

If r = 7^ 1 then (14.471) does not hold for a = 1 . The constant C that appears 

in (|4.48[) only depends on n, k, j, q, r and a. 

PROOF. Apply {H} to s = Vu a section of the bundle u*{TN) ® T*R n . Since 
Vu is not necessarily compactly supported a standard approximation argument 
might be needed to complete the proof. □ 

In the second part of this section we establish the equivalence of the Sobolev 
norms defined in either the intrinsic, geometric setting or in the ambient, Euclidean 
setting. These results hold when we are above the range in which these spaces have 
suitable multiplication properties. Since we are working with the gradients of the 
maps we must consider the H s spaces with s > S + 1. 

We begin by assuming that we have chosen coordinate systems on (N,g) so 
that the eigenvalues of g are bounded above and below by a fixed constant C > 1, 
i.e. we assume that 

C- 1 ICI 2 < 9iMi < CICI 2 for all (eM fc . 

We denote these coordinates by either (y 1 ,...,y k ) or (it 1 , . . . , u k ). As before 
(x 1 , . . . , x n ) denotes Euclidean coordinates on R™. 
For v : R n -> W we let 

dv a 

where {ei, . . . , e p } is an orthonormal basis for R p . Recall that if X £ r(u _1 (TA^)) 
then 

and V Q u = d a u E r(ii _1 (TA^)) denotes the vector field along u defined in (|2.ip . 
We use the following notation for higher order derivatives. 
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Definition 4.3. Let a = (ai, . . . , 07+1) denote a multi-index of length I + 1 (\a\ = 
I + 1) with each a s e {1, . . . , n}. We let V l+1 u e T(u~ 1 (TN)) denote any covariant 
derivative of u of order I + 1 e.g. 



Similarly 



and 



V l+1 u= V ai -"V Q1+1 » 

a=(ai,...,Qj + i) 



= V - - e 

^ dx a i ■ ■ ■ dx a i+i a 

a=(at ,...,q !+ i) 



dx ai ■ ■ ■ dx a ^ dy a ' 

a=(ai,...,aj+i) 

Remark 1. Note that our use of the multi- index notation differs from the usual 
one. 

Recall that for 

v : E™ — > M p 
u : E" -» JV 

the Sobolev norms of dv and Vm for k e N arc defined by 
\\dv\\ Hk = YWd^vW^ 

1=0 
k 

1=0 

k 1 

= £(7 9ij (v l+1 uy(v^uyY 

1=0 ^ " / 

where here 

l|V + 1 u|| L 2 (Rm) = Y ll V "i ••• V a ; + l U llL 2 (R") 
|a|=i+l 

and the sum is taken over all distinct multi- indices of length / + 1. The L 2 norm 
of each of these is computed with respect to the metric g as indicated. We use the 
obvious analogous definition for ||<9 i+1 v||L 2 (R")- 

Note that by definition u e H k (M. n ,N) if 3 y u e N such that for v = w o u 

\\v - w(y u )\\ L 2 + \\dv\\ H k-i < oo. 

Our immediate goal is to show that for k>^ + lifv = wou then 

||<9v||#-fc < oo if and only if ||Vu||#* < oo. 
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Lemma 4.4. For each k > we have 



k+1 

(4.49) V fe+1 w = d k+1 u + Y G (h,---,ii)( u ) dhu *---* 9jlu 

1=2 h+'~+h=k+l 
k+i 

(4.50) d k+1 u = V k+1 u + J2 J2 E {ju .^ n) (u)V n u*---*V jl u 

1=2 ji+-+ji=k+l 
f)lll a k+1 

(4.51) d k+1 v = —d k+1 u j e a + Y F {pu---,oi){ u ) dilu *---* dilu 

y 1=2 ji+-+ii=fc+i 



where each subscript j s > 1 and 



and each G, E and F are smooth, bounded functions of u. 

The notation aj 1 * ■ ■ ■ * a,j t corresponds to a product of the aj k 's. 

Remark 2. Throughout this section whenever expressions similar to the right hand 
side of (|4.49|) . (|4.50[) or (|4.5ip occur, a key point is to note that all the subscripts 
js > 1) f° r s€{l,...,(}. This is always to be understood even if it is not explicitly 
stated. 

PROOF. We establish each of these by induction, beginning with (I4.49[) . Note 
that for k — 0, Vu = du. For k = 1 



d 2 u J d du 1 du k d 
= |_ p-< 

dx a2 dx ai dyi lk dx a ^ dx a2 dyi ' 
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Then 



V fc+2 u = V„, ,,V k+1 u 



a k + 2 

^* k+2 (V ak+1 •••V ai u) 

d fe+ V d 

+v« fc+2 IE E % 

\i=2 ixH hii=fc+l w , 

d 9x a ^+i • • • dx ai dx a *+2 dyi 
k+1 1 8 

+E E H m^) ^*-*^u- J 

1=2 il+-+3i=t+l 

• E E ^....joW^*-*^"^ 

+y y Gj., n ( u )^i u *...*^ u rf jl 

i=2 ii+-+Ji=fc+2 



Therefore 



V fc+2 u = <9 fc+2 u + E E G a 1 ,...Ji)(«) 57 ' 1 «* , "*^ , « 

which completes the proof of (|4.49|) . The proof of (|4.50|) proceeds in a similar 
fashion and is left to the reader. 

To prove (I4.51| we recall that v — w o u and thus 

dv a dw a dui 

^ ' ' dx ai ~ dyi dx ai 

(which is the case k = 0). When k — 1 we differentiate this to obtain 

d 2 v a dw a d 2 u j d 2 w a du l du^ 

dx a2 dx a ^ ~ dyi dx a2 dx a ± + dy^dyJ dx<* 2 dx ai ' 

Assume now that (|4.51j) holds for some k > 1. Then 
d k+2 v = d ak+2 (d k+l v) 

- dy j a Uea+ dy*dyi "flaw ° 

fc+2 

+ E E l 'n AjM^ " ■ "■ 

1=1 ji + ---+ji=k+2 

This implies (|4. 5 1 [) and completes the proof of the Lemma. □ 
Combining (|4.50[) and (|4.5ip in Lemma FOl we obtain the following. 
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Lemma 4.5. For v = w o u and k > we have 

fe+i 



(4.53) d k+1 v a = ^--(v k+1 uy + J2 E ff tt,-jj)W vilu *-* vi ''' 

1=2 ji+—+ji=k+l 

where, as before, each subscript j s > 1 and each H a is a smooth, bounded function 
ofu. 

We now proceed to bound the pointwise norms in terms of each other. 

Lemma 4.6. For v = w o u and k > there is a constant C > 1 depending only 
on n and k such that 

fc+1 

(4.54) \8 k+1 v\ 2 <C\V k+1 u\ 2 + Cj2 E |V J1 u| 2 ---|V J1 u| 2 

\=i ji+-+ji=k+i 

and 

fc+i 

(4.55) |V fc+1 u| 2 <C\d k+1 v\ 2 + E |0* l «| a ---|0N 2 

1 = 2 j! + ~-+jl=k+l 

Proof. Using (|4.53|) we have 
£>*+V| 2 = £ E \d ak+1 ---d ai v«\ 2 

a=l a=l |a|=fc+l 



+ 



fc+i 

E E H Uu-M( u )V jl u*---*V j >u 

1=2 ji+-+j l =k+l 

Biu a k+1 
+ 2 ft7 (Vfc+lu)J E E U 'L....M(<^ j 'n* ■ ■ ■ * V 

Since w : JV — * R p is an isometric embedding we note that 



(4.56) 



dw a dw a 

9ii = 2^ ■ 



Therefore, using the fact that for any I > 1 

k 



1=1 



we have 



fe+i 



J2 \0 k+1 v a \ 2 <2\V k+1 u\ 2 + 2CJ2 E |V J1 u| 2 ---|V 

o=l J=2 jiH h7!=fe+l 



which establishes (j4.54|) . To prove (|4.55[) we proceed by induction. For k = we 
have 

dx a dy % 
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Using (14521) and (|4~56]) this implies 

2 du l dui dv a dva 

Therefore 

(4.57) |Vu| 2 = \dv\ 2 . 

Note that for k = 1, by (|4.53[) we have 
dw a 



-(V 2 u) J = d 2 v a - H a {u)Vu * Vu. 



So that 



dyi 

\V 2 u\ 2 < 2\d 2 v\ 2 + C\Vuf 



or 

(4.58) \V 2 u\ 2 <2\d 2 v\ 2 + C\dv\*. 

Assume now that (|4.55j) holds for any k > 1. Again using ()4.53j) we then have 
\V k+2 u\ 2 < 2\d k+2 v\ 2 + CJ2 E IV^I 2 ---^! 2 

1=2 ji+-+ji=k+2 
k+2 

< 2\d k+2 v\ 2 + C^2 53 \d J1 v\ 2 ---\d^'v\ 2 

1=2 j 1 +---+j l =k+2 



which completes the proof of Lemma 14.61 □ 

Lemma 4.7. Assume that k > ^ + 1. There exists a constant C — C{N 1 k, n) such 
that for u G C°°(R n , N) constant outside a compact set of R" if v = w o u then 

k 

(4.59) l|V fc+1 U || L2 < C^\\dv\\ l Bl . 

i=i 

k 

(4.60) \\d k+1 v\\ L2 < CX)||V«||^. 

i=i 

Proof. By (|4.55j) we have 

fc+i , r 

(4.61) ||V fc+1 W || L2 <C||9 fe+1 «|| i2 +CE E ( / |^| 2 "-|^«| 

1=2 3 i+--+i,=fe+l 

Let 2<pj<oo,i = l,...Zbe such that 

(4.62) + I * 

Pi Pi 2 

Then by Holder's inequality 

(4.63) |||& 3 ' 1 w|---|^' , u||| i 2 < c||# l «||£i.i ■••|I^HU ! ><- 
Since fc > § + 1 then 

(4.64) a_i <(I ,^ + ^( 4 _ J , + i) <1 
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and 

l 1 ii — 1 1 kaj 

4.65) - > — = + > . 

y J 2 ~ p, n 2 n 

Note that to ensure that a; < 1 in (|4.64[) we either need n < 3 or we must have 
(m ~ ( k ~ + t) < 1 ~ T- Since 2 < / < fc + 1 and 1 < j. t < k the previous 
inequality holds provided (gr — l) (fc — |) < \ which requires k > n+ V n t n f)_ 
Thus to accommodate all values of n simultaneously, it is enough to choose k > § + 1 
and k eN. Thus (14. 5|) in Proposition 4.1 yields 



(4.66) \\d h v\\ L Pi < C\\d k+l v\\ a £ 2 \\dv\\ l -, ai 

< C\\dv\\ H u. 

Therefore combining (|4.6ip . (|4.63p and (|4.66|1 we have 

k 

(4.67) ||V fe+1 U || L2 <C^||^||^. 

P =\ 

A similar argument to the one above where Proposition 14.11 is now applied to Vu 
rather than dv yields (|4.60j) . □ 

Lemma 4.8. There exists a constant C = C(N,n) such that if u € C°°(R",iV) is 
constant outside a compact set of R™ and v = w o u then for 1 < k < ~ + 1 

k 

(4-68) l|V fc+1 u|| i2 < C£||^ [f]+2 

k 

(4-69) \\d k+1 v\\ L . < c£||V«||^ [t]+a . 

PROOF. The proof is very similar to that of Lemma [4.71 where the Oj's and 
Pi's in the interpolation are taken as follows 

(4.70) < a t = ^Zl + " (* _ j. + r 1 ) < 1, 
s s 2fcs 

where so = [§] + 2, and 

(4.71) - > — = 1 a, > 0. 

I pi n n n 

□ 

Remark 4.9. Proposition ^. II holds for s S C™(E) where S is a finite dimensional 
C m vector bundle over R™ provided k < m. Similarly Lemma 14.71 holds for u S 
C m (R", 2V) and u constant outside a compact set of R", provided once again that 
m > k. A simple approximation theorem ensures that Lemma 14.71 holds for u S 

C m (R", 2V) n H k (R n , N) with m > ft. 
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Corollary 4.10. Assume that k > § + 4. There exists a constant C = C(N, k, n) 
such that for u <E C fc+1 (K™, N) n H k (R n , N) 



(4.72) 
(4.73) 
(4.74) 



||V«|| 



IVull 



|V s u| 



2[f]+4 



< 



3[f] + 12 

c E n Vt 



f +4 



Proof. Recall that ||Vu|| = \dv\ if v = w o u, and by Sobolev embedding 
theorem 



(4.75) 
(4.76) 

and 
(4.77) 



< c\\9v\\ 



Hi 



\\d 2 v\\ L ~ <c\\dv\\ w 



\d 3 v\\L°° < c\\dv\\ 



Therefore combining (|4.60|) , (|4. 69[) and (14.75|) we have 
(4.78) HVulli- < C E \\d J+1 v\\ L 2 



C 



3=0 
( 

l|V«| 

V 



- + 5 l|Vw|1 ^ 



[§]+* 



Note that (|4.55|) ensures that 

(4.79) |V 2 u| < C\d 2 v\ +c\dv\ 2 . 
Combining (|4J5| . (|476]) . (|4~60f and (|4~69"1) we have 

(4.80) ||V 2 u|| L » < C||a 2 w|| L =o +C\\dvf Laa 

< C\\3v\\ M + .+C\\dv\\ 



[f]+ 3 



[fl+2 



i=o 3=0 

[2*1+4 



< c E liv«ll^ [f] . 
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□ 



Note that (|4.55|) also ensures that 

(4.81) |V 3 u| < C(\d 3 v\ + \d 2 v\ \8v\ + \dv\ 3 ). 
Combining (|4775|) . (I^T7S|) . PT77|) . P~50|i and gSJ]) we have 

3([t]-M) 

(4.82) ||V 3 u||^<C £ ||V U |P w . 

5. e-independent energy estimates 

Theorem 13.11 ensures that the initial value problem 

ff = -eA 2 v + 7V(v) 
v(0) = v 

has a unique solution v £ G C([0, T e ], # s+1 n L 2, °°) provided u G H s+1 (W l ,l 
for s > [f ] + 4. To prove that (|1.4|) has a solution we need to show that (|2. 10|) 
has a solution for e = 0. To do this we need to show that each w £ extends to 
a solution in C([0, T], H s+1 n L^' 00 ) where T > is independent of e. This is 
accomplished by proving e-independent energy estimates for the function v £ . It 
turns out that thanks to the geometric nature of this flow, if one assumes enough 
regularity (i.e. s > [§] +4), it is easier to prove e-independent energy estimates for 
the corresponding u e . Lemma FTT1 and Lemma B~81 then allows us to translate these 
into estimates for v e . 

Let u £ = u G C([0, T e ], H s+1 {R n , N)) with s large enouglfl be a solution of 



(5.1) 



d t u = -eAt(u) + £R(Vu,t(u))Vu+J(u)t(u)+Pt(u) 
u(0) = uo, 



where e G (0, 1], j3 > 0, A = J2a=i^aV a . Our goal is to understand how 
||Vit||#-fe(t) varies with time. 

Let I G N. We denote by a the multi-index of length I, a. = (at ■ ■ ■ a/), and 
V a ti = V ai ...V a ,«. The following lemma and corollaries establish some computa- 
tional identities which are very useful. 

Lemma 5.1. Let u G C x ([0, T], H s (R n , N)), s G N, s > § + 2. Let X e TN for 
1 < I < s and \a\ = I. We have 

1-2 

(5.2) V ao V a M = V a V Q[) u + ^V [i?(V QQ M, V aj + 1 u)V Qj + 2 ■■■V a ,«] 

i-2 

(5.3) V*V a u = V a V*u + 5^ V Q1 • • • V Qj [i?(V t u, V aj+1 u)V a]+2 ■ ■ • V ai u] 

3=0 

l-x 

(5.4) V Q0 V a X = V a V Qn X + ^ V Q1 • • • V aj [ii(Vao«, Va, +l tt)V aj+a ■ • • V Qi X]. 



2 We will see later that s > [^] +4 will be enough. In this paper we do not attempt to obtain 
the lowest possible exponent s. 
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Proof. The proof is done by induction on the length of the multi-index a, 
i.e., on I. We prove (|5.4j) and leave (15. 2\ and (|5.3|) to the reader, as the proofs are 
very similar. If I = 1 

(5.5) V ao V ai X = V ai V ao X + R(V ao u, V ai u)X. 
Suppose (|5.4|) holds for I > 1 and consider 

(5.6) V Q0 V ai ■■■V ai+1 X 

= V Q1 [V Q0 V a2 • • • V„ !+1 X] + i?(V Qo u, V Ql it)V a2 • • • v ai+1 x 
= V Ql ■ • • V a+ iV ao X + i?(V Qo u, V Ql it)V Q2 • ■ ■ V ai+1 X 
I 

+v [i?(V 

3=1 

V ■ • • \7 ai ^ 1 v ao X 
i 

+ J2 V «i • • • V ^ [#(Vao^, V Q3+1 u)V Qj+2 • • • V Q!+1 X] 

3=0 

□ 

Corollary 5.2. Let u e C 1 ( [0 , T] , iF (R™ ,N)) s e N, s > § + 2, then for 1 < / < s, 
| a | = Z we have 

i-i 

(5.7) AV„u = V a r(7i)+^V Ql ---V Qj [i?(V Qo u,V Qj+1 u)V Qj+2 ---V Q! V Qo M] 

3=0 

i-2 

+ ^V ao V Ql • • • V Qj [i?(V Qo -u, V Qj+1 u)V Qj . +2 •••V Q! ,u] 

3 = 1 

(5.8) V t V„V ao ti = V a V Q0 V tM 

i-i 

+ H V «i •■■V Qj [i?(V t u,V Qj+1 u)V Qj+2 ■••V Q; V Q0 3t] 

3=0 

(5.9V/3 V a V Qo u = V a V Q[) V A ti 

i-i 

U, Va 3 - +1 Ii)V a) . +2 • • • V Q( V Qo u] 

3=0 

Proof. The proof of (|577j) is an application of (f5~2"j) and IfO]) . To prove (|5T5|) 
and (|5.9[) apply (|5.4[) to V Qo u = X and note that Vt and V/3 behave the same 
way. Moreover recall that V ao VtM = VtV ao u. □ 
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Corollary 5.3. Let u £ C 1 ([0,T], H s (R n , N)), s E N s > § + 2. Let X £ TN 
then for I > 1 and |a| = i we have 

(5.10) AV a X = V a AX 

l-i 

+ V «i ■ ' ' V "i [^(Vao". V Qj+1 u)V Qj+2 • • ■ V Q1 V Q0 X] 
i-1 

+ XI V «o V "i • • • V «i [^( v «oW, V aj+1 u)V aj+J V a ,X]. 

Proof. To prove (|5. 10[) we apply (|5.4|) twice, first to X then V ao X. 

(5.11) AV a X = 

l-l 

= V Q0 [V a V Q0 A- + V Q0 [^V Ql •■• 

i=o 

• • ■ V Qj (i?(V Qo it, V Qj+1 u)V Qj+2 ■ ■ • V ai X] 

l-i 

= v a v Q ,v„ ( i + ^v ai ••• 

• • ■ V Qj (i?(V Qo u, V Qi+1 u)V Qi+2 V Q! V Qo X) 
i-i 

+ X V « V Q1 • • • V Qj [i?(V Qo u, V aj+1 u)V aj+2 ■ ■ ■ V ai X}. 

□ 

Remark 5.4. Note that in particular (|5. 10(1 applied to X = t(u) yields 

(5.12) AV a r(u) = V a Ar(u) 

l-i 

+ X V Ql • • • V aj [R(V ao u, V Qj+1 u)V Q3+2 • • • V a , V ao T(u)] 
j'=o 
l-i 

+ X V Qo V Ql • • • V aj [i?(V Qo it, V aj+1 u)V Qj . +2 • • • V Qi r(u)] 

Lemma 5.5. Let u E C 1 ([0,T},H s (W\N)) with s £ N and s > [f ] + 4 be a 
solution of \5. 1}) . Then for \£] + 4 < I < s and I € N we have 

(5.13) |ll V '* <C\\Vu\\l^(l + \\Vu\\%\t? +li ). 
For I = [f ] + 2 and I = [f ] + 3 we Ziaue 

(5.14) IllV'tiHi, < C (l + HV-|| 3 ;+] 2 +4 ) HV*-, (1 + llVtill^) • 



.'ill 
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Proof. We first compute the evolution 



(5.15) 



1 d 
2di 



f \Vu\ 2 dx = V /<V t V Q0 u,V o 



ao=l ' 

V Qo ((V t u,V ao u)) - /(V t «,r(tt)) 



= £ / (At(u),t(u)) - e J (R(Vu,t(u))Vu,t(u)) 
(J(u)r(u),r(u))-(3 [ |r( U )| 2 



= - e y ivt( u )| 2 -/? y |thi 2 

-e J (R(Vu,t(u))Vu,t(u)}, 

where we have used the fact that for / S L 1 (R™,IR n ) L„ div/ = as well as 
integration by parts. Note that using integration by parts and Cauchy-Schwarz we 
have 



(5.16) 



(R(Vu,t(u))Vu,t(u)) 



< C\\Vu\\l^J \t(u)\ 2 

< C\\Vu\\ 2 Loa \\Vu\\ L 4VT(u)\\ L2 

< ^IIVT( u )||| 2 + q|v u || 4 LOO ||v u || 2 L2 . 



Combining (|5.15|) and (|5. 16[) we have 



(5.17) 



1 d 
2~dt 



||V«||i a <C||V«||io.||V«|| 



L 2 ' 



For 1 < I < s applying (|5.3[) we have 

(5-18) ™l|Vu|li» = f(V t V a u,V a u) 

\a\=l 

= 2 / (V Q Vtu,Vc«u) 

i-2 . 



|et|=J j=0' 
■ "Vajll], V a U) 



Consider each term separately 



(5.19) J (\7 a X7 t u,X7 a u) 



-e J (V a Ar(w),V Q u) 

+e J (V a (R(Vu,T(u))Vu,V a u) 

+ I (W a J(u)T(u),W a u) + /3 I (V a T(«),V a «). 
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Using (|5.12|) and (|5.7|) and integrating by parts we have that 
(5.20) | (VcAt(u),V q i/) 

l-i „ 

V ai V a t(u)], V a w) 

3=0 
(-1 „ 

~ Z / ( Vq o Vq i ' ' ' Vq J [^(Vao - "- V Qj . + 1 u)V Qj + 2 • • • V a ,T(u)], V Q U) 

= | |V a r(u)| 2 

(-1 „ 

+ / (V Ql • • • V Q3 [i?(V Qo u, V Q3+1 m)V q . +2 • • • V^VcqU], V q t(u)) 

3=0 
(-1 „ 

~H / ( V m •■■V Qj [i 1 , (V Q0 ii,V Q3+lW )V Q3+2 ---V cti V Q0 T( u )],V aW ) 

3=0 

i-1 „ 

~ / ( Va » V «i ' ■ ' v «i [• R ( V «o" ! V aj+1 u)V aj+2 ■ • • V a ,r(u)], V a «) 

3=0 

;-2 

+ ^(V Qo V Ql • ■ ■ V Qj [i?(V Qo u, V Qj+1 w)V Qj+2 • ■ •V 0l tt],Vetr(«)) 



3=1 

(1530)1 yields 



l«|=r 



(5.21) -e ^ /" (V a Ar( W ),V aM ) < -e / |V'r(u)| 2 

+Ce Z Z / |V't(w)||V Ji m|---|V^w| 

m=3 ji + ---+j m =l+2 J 

3a>l 

2+2 - 

+(7e Z Z / |V il T(«)||V ia u|---|V im «||V 



u 



m=3 jiH hj m =i+2' 



Similarly 

(5.22) ^ [(V a [R(Vu,T(u))Vu],V a u) < 



i+2 



- C Z Z / |V i u||V J1 r(u)||V j2 u|---|V 3 " 

™ Q I I J / I O « 



™=3 ji + ---+j m =/+2 

. >1 if s>2 
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We now look at the third term in (|5.19|) and recall that V J = and (JX, X) = 
for X 6 TN . Integrating by parts and applying (|5.7|) we obtain for 7 — (a?2 ■ ■ ■ ai) 



(5.23) J (V a J(u)r( M ),V aU ) 
(V T J(w)r(u),V Ql V a u) 
(V 7 J(m)t(m),AV 7 m) 
(J(u)V 7 t(u); V-yT(u)) 

- E / (^(")V 7 r(u), V Q2 ■ • • V aj [R(V ai u, V aj+1 u)\7 aj+2 ■ ■ ■ X7 ai X7 ai u}) 
3=1 J 

1-2 . 

-J2 /<J(«)V T r( m), V Ql V a2 • • • V flj [R(W ai u, V aj . +1 u)V aj+2 • ■ ■ V Q; w]) 

J=2" / 

i-1 . 

= ~E / (^)Va 3 --V a! T(u), 

V Q2 V Q2 V Q3 ■ ■ • V aj . [i?(V Ql u, V aj . +1 u)V Qj . +2 • • • V Q! V Ql u]) 

- ^ / (J(«)Va 3 • • • V ai r(u), V a2 V Ql V a2 • • • 

■ ■ • V Qj [R(V ai u, V aj . +1 u)V Qj . +2 • • • V ai u]). 
Thus (jQ3]) yields 

(5.24) J] f(V a J(u)T{u),V a u) 
\ a \=i J 

1+2 

- C E E \V 1 - 2 t{u)\\V 3i u\---\V^u\. 



m=3 jH |_j TO= ;+2' 



A very similar computation yields 
(5.25) / "(V a r(u),V a u) 



„ (+2 - 

< - / |V 7 t( U )| 2 + C<£ E /|V , - a r(«)l|V Jl tt|---|V^tt|. 

m=3ji + ---+j m =;+2 J 

3.>1 

Combining (|5T^|) , (jOTj) . (IQ2"|) . (|5TM|) and (|5T231) we obtain 
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(5.26) J2 /( V «V tU , 

l«l=r 

< -e f \V 1 t(u)\ 2 + CeJ2 J2 f \V l T(u)\\V jl u\- ■ -\V jm u\ 

m=3j 1 +-+j m =l+2 J 
1+2 . 
+ C£ Y1 E / |V Jl T(w)||V j2 M|---|V Jm w||V Z M| 

m=3j 1 +...+i m =i+2'' 
i+2 - 

+ Ce Y E / |V i u||V J ' 1 r(u)||V J ' 2 u|---|V J ' m u| 



m=3jiH him=i+2 ' 

g >1 if S>2 



-0 [ IV'-VHI 2 + cf^ E / l V '~M")l |V*u| • • • |V' 

m=3j 1 + ---+ ]m =l+2 J 

We now look at the second term in (|5.18[) . Using equation (|5.1[) we obtain 

1-2 



(5.27) ^^/(V Q1 -V aj .[JJ(V t u ( V 

|a|=i3=0*' 

< E / |V^i||V*V t u||V A u|---|V im t»| 

m =3 JlH hjm=( 

j s >l ifa>2 

- Ce Yj E / |V'it||V J1 AT(u)||V j2 u|---|V Jm u| 



m=3j 1 -\ hj m =i ' 

,>1 ifs>2 

1+3 



+ Ce E E /'|V / u||V J1 r( U )||V : ' 2 M|---|V : ' m u| 

™=6jiH hj m =/+2 

i s >l if s>2 

+C, E E /" |V'm| |V Ji t(w)| |V J2 m| • • • |V Jm w|. 



™=3ilH hjm=l ' 

,>1 ifs>2 



Combining (|5TT8)) . (j06j) and (jOT)) we obtain 
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(5.28) ~I|V'«||£ 2 



ld_ 

2dt' 

<-ej \V l r{u)\ 2 



+Ce J \W 1 t(u)\\W 1 u\\Wu\ 2 

+Ce J IV'-^HI |V'u| (|Vw| 3 + |V U ||V 2 U |) 

1+2 ^ . 

+ Ce E E /iv<T( U )nv^i---|v j 



m =3 ji + ...+j m =£+2' 

l<3s<i-l 

2+2 



X! /iVuiivM")!-"!^' 

m= 3 ji+-+j m =J+2" / 

j s >l if s>2 

1+2 

+ Ce E E / iV'ttl IV^ul ... |V 3 ' m 



■1=3 ji + -+j m =£+2' 
(+3 



< 



+ Ce E E /"|V'«l|V J ' 1 u|--|V J ' m u| 

m=5 ji+-+j m =l+4 J 

3«>1 

2+2 . . 

+c E E / i v ' u i i VJlu i • • • i VJ ' m «i -0 i v '~ 1t ( 

-e y |V'r(w)| 2 +C£ J \Vt{u)\ \V l u\ \Vu\ 2 
+Ce J IV'-V^)! |V'«| (|Vu| 3 + |V 2 U ||Vii|) 
+Ce J \V 1 u\\t{u)\\V 1+1 u\\Vu\ 
+Ce J \V l u\ 2 (\t(u)\ \Vu\ 2 + \t(u)\ \V 2 u\) 
+Ce J |V' U | 2 (|V U | 4 + |Vr( U )||V M |) 

1+2 ^ . 

+ Ce E E / |V , T(u)||V J ' 1 u|---|V J ' m u| 



m=3 iiH hj m =i+2' 

l<js<I-l 

(+3 



+c<e E E / IV 1 !*! iv^ui ■ ■ ■ |V J '~«| 

m=5 ii + -+j m =iH 
i<j e <l-i 

1+2 . 

+CJ2 E / |V , u||V J ' 1 u|---|V J ' m u| 

m=3 j 1+ ... + j m =l +2 J 
1+2 ^ 

+ Ce Y. E /iv'uiivM")!"-!^ 



m=3 iiH hj^=^+2 ' 

l<j' s <i — l,s>2 
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We now look at each term of (15.28(1 separately. Apply Cauchy-Schwarz we have 

(5.29) Ce J \Vt{u)\\V 1 u\\Vu\ 2 < Ce\\Vu\\ 2 L ^{J \Vt{u)\ 2 )^{ J \Vu\ 2 )^ 

- kj l v ^)l 2 + ^ll Vw !li~/ iv^l 2 . 

Using Cauchy-Schwarz and integration by parts we have 

(5.30) Ce J |V'-V(u)| |V'u| |Vw| 3 

< Cs\\Vu\\U(J \W l -W(n)\ 2 )Hj \V l u\ 2 )^ 

- kj l v, ~M«)l 2 + c||Vu||!..| |v z u| 2 



< ft / \V 1 t{u)\\V- 2 t{u)\+C\\Vu\\1^ / \Vu\ 2 

< 4l( I \V l r(u)\ 2 )H I \V l u\ 2 )? + clival. / \V l u\ 2 



04 



- k j |v ' T(u)|2 + c(1 + l|Vu|lioo) / |v ' u|2 

(5.31) Ce J |V ,-1 r(u)| |V'u| \V 2 u\ |V«| 

< Ce\\Vu\\ L ~\\V 2 u\\ L ~ (J IV'-VHI 2 ^ 2 (j \V l u\ 2 

- k j |v ' T(u)|2 + c (1 + ||Vm|1 '- + n^iii-) / i y 

Using Cauchy-Schwarz, integration by parts and (|5.17[) we have 

(5.32) Ce J \V l u\ \t{u)\ \V l+1 u\ |V«| 

< Ce\\T(u)\\ L ~\\Vu\\ L ~{J \Vu\ 2 )H j |V< +1 M | 2 )^ 

- kj \v l+lu \ 2 + c \\^ u )\\i~\\^ u \\i™ j i v ^i 2 

< -^y<AV'«,V'u) + G||r(tt)||i.||Vu||io. J |V 



£„.|2 



z u| 2 



- kj |v ' t(m)I |v ' m| + c ll T ( u )lli-H Vw lli- j l v ' u l 2 

2+2 

+Ce \V l u\Y^ |V il u|---|V im u| 

m=3 hjm=i+2 

- ^ / l v M")l 2 + c (ll^)lli-ll v "lli» + 1 ) / iv'«l ! 



Z+2 „ 

C*e^ ^ / |V'u| \S/ jl u\---\S/ jm u\. 

m=3 jiH hj m =Z+2 
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Combining (f5T28|) . (jQ9]) . ([00]) . ([QT]) and (1532]) and using the fact that 
ab < f + £ if | + | = 1 we have 

(5-33) i | HV'uHi, < ^ / |W(u)| 2 

+C(l + ||V M ||i oc + ||V 2 W ||l oc + ||V U || L ^||V 3 U || L oo) / |V^| 2 

1+2 ^ „ 

+Ce Y Yl \V l T(u)\\V h u\---\V im u\ 



m=3 JiH him=i + 2 ' 

i<i s <l— l 

i+1 



+Ce Z Z /" |V J1 u|--- |V J -^| 

m=5 jiH hj m =i+4 

l<j s <z-l 

1+2 . 

+Ce H Yj \^ l u\\V jl T(u)\---\V jm u\ 



m = 3 jiH hjm = l + 2 

Z-l>j s >l if s>2 



1+2 . 

Z / IV'ttj jV^ttl - ■ • |V*»«|. 



m=3j 1 A Yj m =l+2 

l<j s <l-l 

To finish the estimate we need to use the interpolation result that appears in Propo- 
sition [47TJ Consider 3 < to < Z + 2, 1 < j s < I — 1 and ji + ■ ■ ■ + j m = 1 + 2 then 
by Cauchy-Schwarz we have 

(5.34) / |VV(w)||V J1 it|---|V Jm u| 



< (J |V'r(w)| 2 ^ 2 (J |V 3l w| 2 • • • |V*»u| : 



Let pi € [2, oo] for i = 1, . . . , m be such that 

1 1 _ 1 

2' 



Pi Pn 



(5.35) 
by Holder's inequality 

(5.36) (J |V Jl u| 2 ---|V Jra u| a Y < HV^uUlp! ■ •• ||V ira «||iPm. 

Since I > [§ ] + 1 for 

(5.37, ^ < „ ( = |zi + _^( i - 1 - A + A) <1 

and when to > 3 or to = 3 and ji > 2 

1 1 ji-l 1 Z - 1 

5.38 - > - = ^ + a t > 0. 

2 pi n 2 n 

Thus flUD yields 

(5.39) HV'ulU* < C||V'u||Si||Vu||i7 * < CIIVull^-x. 
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Combining (15.34| . (|5.36|) and (j5.39[) we have in the case m > 3 that 

i 

(5.40) J |V ; r(u)| |V J1 u| • • • \V^u\ < c (J |V'r( U )| 2 ^ ' ||Vu||2,-i. 

In the case when m = 3, j\ > j% > j'3, and j'3 = 1 we have ji + j% = I + 1 and 

(5.41) (y |V Ji u| 2 |V J2 m| 2 |Vm| 2 ^ 2 < ||Vu||i- \W^u\ 2 \W 2 u\ 2 ^ ' . 
If J2 = 1 then (|5.34p becomes 

(5.42) J \V l r(u)\ \V l u\ |Vu| 2 < C ||V U || 2 . (| |W( U )| 2 ) 2 (J \V l u\ 2 ^j ' . 
If j 2 > 1 then for i = 1, 2 let Z = max { [§] + 4, Z}. If 

<5 - 43 » ^^■ = t^ + 2( i „-;; (i - 1 ) "-^< i 

and 

(5.44) 1>I = ^1+1 ^>0. 
2 pi n 2 n 

Holder's inequality and Proposition 14.11 yield 

(5.45) ^ |V J ' 1 u| a |V A u| a y < ||V Jl t*]|x^x || V J "»t*||x«i 

< c||v^||^||v M ||^ ai ||vUll^llv«|lir 2 

Thus in this case (|5.34j) becomes combining ()5.41|) and (|5.45p 

(5.46) j \Vt{u)\ |V J1 u| • • • |V«| < cIIVuIIl-IIVuH^-! (J \S/ 1 t{u) 

Combining (|5.40[) , (|5.42[) and (|5.46[) we can estimate the third term on the right 
hand side of (|5.33p 

1+2 



(5,17) ^ Y \V l T(u)\\V jl u\---\V jm u\ 



m=3 jiH him =1+2 

i<i s <(-i 



<c(J |W(m)| 2 ^ 2 (1 + IIV^I 2 .) (j2 HVullS,-! + ||Vu| 



i+2 

H'o-i 



To estimate the fourth term in (|5.33f> consider 5 < m < I + 3, 1 < j s <l — 1 and 
ji + • ■ ■ + j m = Z + 4 then by Cauchy-Schwarz we have 

1 1 

(5.48) j \V l u\ \V n u\ ■ ■ ■ \V lm u\ < (^j \V l u\ 2 ^j 2 (^J \V n u\ 2 ■ ■ • |V J "*u| 2 ^ ' . 
Let 2 < pi < co for i = 1, . . . , m be such that 

(5.49) — + ■■■ + — = \ 

Pi Pm 2 
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by Holder's inequality (|5.48|) becomes 

(5.50) J \V l u\ |V J1 w| • • • |V Jm w| < (J |V z w| 2 ^ 2 \\S7 J1 u\\ Ln ■ ■ ■ ||V Jm u| 
since I > [§] + 1 for 

(5.51, ^< 0( = ^i + _^(,_ 1 _, i + i) <1 

and when m > 5 or m — 5 and ji > 2 

1 1 ji - 1 1 Z - 1 

5.52 - > - = £ + a, > 0. 

2 pi n 2 n 

Thus (g3D yields 

(5.53) J \V l u\\V ]1 u\ ■ ■ • |V J '"u| < C (j \V l u\ 2 ^j ' ||Vu||2i-i. 

If m = 5, jx > 32 > ■ ■ ■ > h > !) and h = 1 then jx + h + j 3 + h = I + 3, 
Cauchy-Schwarz and Holder's inequality 



(5.54) 



J |V'w||V J1 u|---|V j4 u||Vz 

< ||v«|U- ( [ |v' u | 2 ) ( / |v^| 2 ---|v^ 



< ||Vu|U« U \V l u\ 2 j \\W^u\\ LP1 ■■■\\W^u\\ LP4 
with — + — + — + — = For 

Pi P2 P3 P4 2 

(5.55, ^i <0l .^i + _^_ F , ( 

if j4 > 1 we have 

1 1 ji - 1 1 Z - 1 

(5.56) - > - = J - + en > 

2 pi n 2 n 

and (|5.54[) becomes by Proposition ^. II 

(5.57) J \V l u\ \V^u\ ■ ■ ■ \V^u\ \Vu\ < C\\Vu\\ L ~ Q \Vu\ 2 ^j ' WVuf^. 
If j4 = 1 and j3 > 1 a similar argument yields 

i 

(5.58) y iV'til |V*u| |V J3 W | \Wu\ 2 < C||V«||io. (J |V^| 2 ^) ' \\Vu\\ 3 Hl ^. 

If js = 1 then ji + j2 = I + 1 since ji < i — 1 then j'2 > 1 and we have 

i 

(5.59) j \V l u\ \V^u\ |V j2 w| |Vu| 3 < tf||Vu||i. yj \Vu\ 2 ^j ' ||V«||^-i. 
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Combining (|5.53|) , (|5.57|) , (|5.58|) and (|5.59[) we can estimate the fourth term on 
the right hand side of (|5.33p as follows 

1+3 - 

(5.60) J2 J2 / |V'u||V Ji u|---|V j '"m| 



171—5 JlT---rjm=H4' 
1<j's<Z — 1 



ft \ i i+3 
< C /|V'u| 2 (l + llVulll^^HVull^ 



m=2 

i+4 



< c(i+nv«ni-,)x;iiv«iis.-i. 



m— 3 



To estimate the fifth term in (|5 .33[) consider 3 < m < 1 + 2, j\ + ■ ■ • + j m = 1 + 2, 
ji < I — 2, 1 < j s < I — 1 if s > 2. Cauchy-Schwarz and Holder's inequality ensure 
that for — H h — = ± 

Pi Pm 2 



(5.61) J \V l u\ |V J1 r(w)| \V l2 u\ ■ ■ ■ \V lm u\ 

< (J \V l u\ 2 y \\Vt(u)\\ lp1 ...\\W^u\\ LPm . 
For l = max { [§] + 4, l} > 1 for i > 2 

M2) tz± <ai = f^± + m n O-^^ + ^l' ' 

to — 1 to-1 2(«o - — 1) \ m; 

and 

(5-63) < 0l = j^- + I + I 

to — 1 to-1 2(( - 1)(« - 1) V 

when m > 3 or m = 3 and ji > 2 for i > 2 

(5.64) - > — = + ai > 

2 pi n 2 n 

and m > 3 or m = 3 and ji > 2 

(5.65) -> — = — + - ai > 0. 

2 pi n 2 n 

In these cases (|5.6ip can be estimated by (|4.5p as follows 

(5.66) y \V l u\\V h T(u)\---\V jm u\ 



If m = 3 and ji < 1 then ji > 2 and j'3 > 2. Cauchy-Schwarz and Holder's 
inequality yield for — + ^ = i 



(5.67) / |V'u| \t(u)\ |V J2 w| |V J3 u| 

< ||r(«)||i- f [\V l u\*] \\\7 l2 u\\ LP2 \\X7^u\\ LP3 . 
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and 

(5.68) 1 >L = ^Z1 + 1 l _l ai > o, 
2, pi n In 

Proposition 14. II ensures that 

(5.69) J \W l u\ \t(u)\ \W h u\ \W^u\ < C||r(«)|| £ c. (j |V^| 2 ) ' \\Vuf Hl ^. 
Similarly 

i 

(5.70) J \Vu\ |Vt(«)| \^ n u\ |V j3 u| < C||Vr(u)|| L oo (J \Vu\ 2 ^j ' ||Vu||^,_i. 

If m = 3, j\ > 2 and j% = 1, js > 1 we have by Cauchy-Schwarz and Holder's 
inequality for — + — = i 

H J Pi P3 2 

(5.71) / |V'«| |V Ji t(m)| |Vu| |V a u| 



< C||Vu|| L oo f y |V'u| 2 J ||V J1 r(u)|| Lpi || V j3 u||iP 3 • 

For 

7l 1 , 1 1 7i 1 / — 1 

5.72 oi = U2 (l-h) < 1 and - > - = J ± + a x > 

t — 1 2(1 — l) z 2 pi n 2 n 

and 

73 — 1 n ,, , , 1 1 ?'q — 1 1 i — 1 

5.73 a 3 = J J— + ———(l-j 3 ) < 1 and - > - = ^ + - a 3 > 0. 

£ — 1 2(£ — l) z 2 733 n 2 n 



Proposition 14.11 ensures 

(5.74) J \S7 l u\ |V Ji t(m)| |Vu| |V J3 u| 

< C||V«|| L - (I |V^| 2 ) 2 ||V I - 1 r(«)||» 1 a |k(«)||i7° 1 ||V«||H l -i. 

In the case j\ =1, j% = js = 1 see (|5.29l) . 

Combining (pTTOj) and (pT7l| we estimate the 5 th term of 

as follows 



( 5J5 ) E E / iV'tillV^rWI-lV^ 

™ O i i _■ i i n « 



m=3 ii + ---+3"m=i+2 
l<j' s <i— 1 if s>2 
Jl<i-2 



< C ( / |V^| 2 ) 2 (1 + ||Vu|| L -) £ HrWII^IIVullSi-xllV'-M^IU" 

^ ' m=l 

+C ( f |V^| 2 ) 2 (1 + ||Vu|U-) £ ||r(«)|U a ||Vu||^- 1 ||V , »- 1 r(«)|| £a 
^ ' m=l 

+<7(||r(«)|U« + ||Vr(«)|| £ ») (J |V^| 2 ) ' \\Vuf H ^. 

Here we have used the fact that for a G (0, 1) < r a s 1_a < ar + (1 — a)s. 
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Finally wc look at the last term of (I5.33|) . Let 3 < m < 1 + 2, ji + - ■ -+j m = 1 + 2. 
Applying the same argument as the one used to obtain (|5.47|) we conclude that 

1+2 „ 

(5.76) J2 J2 / |V'u| |V J1 u|---|V J '"u| 

™ q „■ i i a j i n " 



m=3 ji+-+ji=W 



< c(i + yvuiiico) (| |v' u | 2 ) 2 (y, HVullS,-! + ||V«||^_^ . 

Combining (IQgli . (IQ7I) . (1ST601) . (l5J5)l and (15761) . using (l4~78l) . (QUI) . (PI) 

and the fact that I > [?|] + 1 as well as e £ (0, 1) and the fact that for a E (0, 1) < 
r a g i-a < flr + ^ _ a ) s we btain for l = I > [§] + 4 



< - Y / + C(l + ||V«||J- + || V 2 «|||«)|| V'«|||, 

i_ ?-(-2 

+C £ C / |V'r(,i)| 2 ) 2 (1 + ||V U || 2 LOO ) J llVuHS.-x 
^ ' m=l 

+C £ (1 + ||Vu||i«) ( / |W| 2 ) 2 £ HVUHS.-X 

+Ce ( j \V l uA 2 (1 + HVulU-XUV'-MtOlli. + \\r(u)\\ L2 ) £ UVu^-a 



m— 1 



+C(||t(u)||£o= + ||Vt(u)||l-) U IV'uN llVulUr,-! 
+C(1 + ||Vu|||») C / |V^| 2 ) 2 £ HVull^-x 

^ ' m=l 

/ |W( M )| 2 + C (||V«||^" + l) E ll V «HS»- 

Ceiiv'uiu. (i + llv«||^ a +4 ) E llv^HS,-! llv'-VHiu, 



< — 
4 



2 

L 2 



< -f / IvVtiOf + ^uv'-M")! 

/ x 2J+4 

+c*(^i + ||v M ||^+| 2 +4 jEllv«ll^ 



m=2 

Using the same trick as in (I5.30[) we obtain from (|5.77[) for I > [£] -f 4 
(5.78) |||V' U || 2 L2 < -| / |X7V(«)| 2 + C7 (^1 + ||\7^||3-+i2^ ^ i 

< C (l + \\Vut g] 2 +4 ) IIV^II^^ (1 + ||V u || 2 j+ 2 ) 
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In the case where I = [§] + 2 or I = [§] +3 then (|o777|) and (jSTTS)) become 



(5-79) ^||V^||| 2 



2 dt 

21-1 I 



H'- 1 

m=2 



< -| / I V'rH| 2 + ^HV'-VMIIJ, + C (l + IIV^II 3 ^) £ ||V 
+C e ||V'u|U' (l + llV^II^) £ l|Vtt||S._ 1 ||v[9] +8 r(u)|U a 



< C [l + llVull^-, (1 + ||V«||»t 2 

Thus ([578]) and (I5J9]) conclude the proof of Lemma [53] □ 

Since our ultimate goal is to estimate ^ || Vu-ll^^i for I > 1, we still need to 
analyze j- t \\\J l u \\ 2 L2 for 1 < I < [§] + 1. 

Lemma 5.6. Let u <= C([0, T], _ff M +4 (R n , AT)) &e a solution of RTfy . Let 1 < I < 
[§] + 1 then if s = [f ] + 2 we have 

(5-80) |ll V ' u H' 2 ^ c ll Vw ll^o (l + ||V«||£i 0+3 ) . 

where Mi = 3n + 21 + 12, 

Proof. Note that (|5.17[) and the Sobolev embedding theorem yields 

(5.81) 5llV«lli-<C1|V«||; [t]+1 (l + ||Vu||^ 

Note that for / > 2 computation (|5.33p remains valid. In fact we only used I > 
[§] + 1 when we started to interpolate as in Proposition 14.11 Let so = [§] + 2. 
Consider 3<m<I + 21<j, <l-l and ji + ■ ■ ■ + j m = 1 + 2 then by 
Cauchy-Schwarz, Holder's inequality applied with i + • • • + = ^ where 

(5.82 — = h Oj 

Pi n 2 n 

and 

(5-83) < a, = ^— ^ + — U (l - 1 - ji + -) < 1 

s s 2(i - l)s V "V 

and (|4.5p in the case m > 3 or m = 3 and j< > 2 we obtain as in (|5.40|) 



+ 2 



|Vu||£.„. 



(5.84) y |vV(u)||V rfl u| • • • |V Jm u| < C M |W(u)| 2 ^ 

In the case to = 3 we proceed as in the proof of (15.46j) (where So now plays the role 
of Iq) and obtain 



(5.85) / \V l T(u)\ 2 \V j iu\---\V^u\<C\\Vu\\ L ~ / |W(u)| 2 ||Vu||^. . 
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Thus for 2 < I < [§] + 1 fOT]) becomes 



1+2 

(5.86) E / |V ( T(w)||V J1 u|---|V Jm u| 



m=3 jiH hj m = i + 2 

i<i s <z-i 



i+2 



< C I IWHI 2 (1 + llVuHloo) X) HVn||S- . 



The same type of argument as the one used to prove (|5.60p , (|5.75j) and (|5.T6|) yields 



1+3 ^ „ 

( 5 - 87 ) E E J iv^iiv^ W |---iv^ 



m— 5 ii + ---+i m =^+4 * 
i<i s <i-i 



< C(/|V' U | 2 ) (l + ||Vtt||i„ + ||Vr(«)|Uc.)||V«||S. 

1+2 



( 5 - 88 ) E E / W l u\\V j W(u)\---\Vi 

» Q - I I - T I ^ « 



m=3 iiH hj m =i+2 

l<j s < i — l s>2 
il<i-2 



< 



C / |V^| 2 (l + ||V U ||^)X||V U ||^ol!V So rH||^ 2 ||r( U )||i 



L 2 



+t7(||r(«)|| L - + ||Vr(u)|| L -)( / |Vm| 2 I \\Vu\\U 



1+2 



< c / |V«| 2 (i + ||Vt»|U-)X;ilv«||S. 



o+i 



+C(||r(«)|| L - + ||Vr(u)|| i o.) / |V'«n l|V«|| H .o 



i+2 . 

( 5 - 89 ) E E / |V'u| 2 |V^u|---|V^ 



m=3jH b;>'z=/+2 



< tf(i + ||Vu||£„) / |v' M | 2 Ell Vw ll^o- 



1+2 



m — 1 
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Combining (jQ3l) . (|5T86]) . (ISITj) . (f5T88]) and ([5T89]) : using (|4?75]) . (f4776]) and 
(147711 we have for e € (0, 1), I < [f ] + 1, s = [f ] + 2 

(5.90) i|||V<„|li. 

< -ij |V'r(»)| 2 + C(l + ||V«e» + ||T(u)||i.) J |V'»| 2 

21+4 

+<7(l + ||V«||io.) £ H Vw ll^o 

m=2 

+C(1 + ||V«||l- + ||t(«)||l- + ||Vt(u)|| l .) £ || 

m=2 

< C||V U ||^o(l + ||V M ||^+ 12 ) 



□ 



Corollary 5.7 (Uniform energy estimate). Let u e (t) <E iP +1 (R™, AT), with s e N 
and s > [§] + 4 be a solution of There exists T = T (|| Vu \\h°) such that 

for < t < T 

(5.91) l|Vu c (t)||H« <3||V«o||h«- 

Proof. Let E(t) = \\Vu\\ 2 Hs (t). Then 1^15]) . (15TT4T) and ll5"%01) imply for [§] + 

4 < s 

(5.92) ^£ < C E(1 + E 2n+S+8 ), 
which leads, after integrating from to t, to 

which implies 

(5-94) : ^1^--, < e^s^Eig 



1 + E(t) 2n + S + S ~ 1 + E(0) 2n + S + 8 

E(0) 2n+S + 8 



< (l + 4C a t(2n + s + 8))- 



1 + E(0) 2n + S + 8 ' 

for t such that Cot(2n + s + 8) < -| for example. A simple computation yields 

(5.95) £(t) 2n+s+8 < (1 +4G^(2n + s + 8))£:(0) 2n+;i+8 

+4C i(2n + s + 8)E{0) 2n+s+8 E(t) 2n+s+s . 
For i such that 4C t(2n + s + 8)E(Q) 2n+s+8 < \ we have 

(5.96) E(t) 2n+S+8 < 2(1 + 4C i(2n + s + 8))E(0) 2n+s+8 . 
Thus for s > [§] + 4, (j5T96|) shows that if 

(5.97) < t < T = min{ 1 1 £(0) 2 "+*+ 8 } 

8Go(2n + s + 8) 8Go(2n + s + 8) 

then 



(5.98) 



||V«e(t)||^ <3\\Vu \\ H > 
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□ 

Lemma 5.8. Let u e (t) G H s+1 (W a , N) with seN and s > [f ] + 4 be a solution 
of &5.1\) . Let v — v £ — w o u e . For To = Tq(\\ Vuq\\hs ) as in J5.ff7| ) we have 

(5.99) sup \\v(t) - v \\ L 2 < C\\Wu Q \\ r i ( 1 + ||Vu || 3[ fJ+ e ' ) T . 

0<t<T o Hl^i \ H [-z\ +i J 

PROOF. Our goal is to study how \\v(t) - v Q \\ L 2 evolves. Using (|3.1|) and (|3.2|) 
we have 

(5.100) lj t [\ v - v o\ 2 = [(d t v,v-v ) 



< \\v - v \\ L2 U (d t v) 

< C(\\A 2 v\\ L 2 + \\d 2 v\\ L 2 + \\dv\\ L 2\\dv\\ L , 

+ \\d 2 v\\L4d 2 v\\ L ™ + \\dv\\ L 2\\dv\\ 3 L 

2 



+||a 2 «|| £a ||a«||ioo)||t>-«b|U a . 

Recall that 

(5.101) \d 2 v\ < \V 2 u\ + C\Vu\ 2 and \dv\ = |Vit|. 
Moreover by (|4.54|) we have 

4 

(5.102) |9 4 v| < C|V 4 w|+C*^ |V 3i m|---|V J! m| 

1=2 h+-+h=4 

< C\W 4 u\ + C\V 2 u\ 2 + C\Wu\ 4 + C\W 3 u\ |V«|. 
Using (14721 . (14731) and (|5TT02l . (15400)1 yields 

(5.103) 1 1 b-« | 2 

< C{||V 4 W || L 2 + ||V 2 U || L oo||V 2 W || L 2 

HVullicollVttll^ + ||V u || L oo||V 3 w || L2 + ||V 3 u|| i2 

+||Vu||£ 3 ||v«||£- + ||v 2 u|| L 2||Vu||lco} ||v - v Q \\ L 2 

< c||v u ||^ t]+3 (i + ||v,||^ + 6 3 )|| u - U0 |U 2 . 

For i G [0,T ] as in (|5J7| . (|5.103|l combined with (f5T9T]l yields 
(5-104) |||«-«o|li.<q|V«o|| ir[l] ^ (l + l|V M o||^ + 6 4 ) ||«-«o|| £a . 
Integrating from to To (as defined in (|5.97p ) we deduce from ()5. 104|) that 
(5.105) \\v(t) - v \\ L 2 < CT ||Vuo|| H [ f ] +4 + HVuo||^§J 



□ 
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Theorem 5.9. Let s > [§] + 4. Given u Q e H s+1 (M. n , N) there exists T = 
T (\\Vu \\ H s,N) > and a solution u e G C([0, T ], H s+1 (W l , N)) of fO)) . 
t/iermore 

(5.106) sup \\Vu £ (t)\\ HS < 3||Vu ||ff.. 

0<t<T 

Proof. Lemma |2~T1 Lemma FT?! Theorem 13 . 1 1 and Lemma FOl imply that there 
exist T e = T(e, ||Vu ||k«, \\vq - ^y\\ L 2,N) for some 7 € M p , and a solution of 
given by u e G C([0, T £ ], ff s+1 (R n , AT)). Either T £ > T as defined in (jOT)) and we 
are done or T e <T . Using the fact that 

\\v(T s ) - voh-i < CTo||V Uo || ffW+4 (l + HVuoir-g]. 

the same argument as above ensures that there exists T' E = T(e, || Vuo||-ff s ) and 
u e G C([T £ ,T e +T £ '],i/ s (lR' i ,7V)) a solution of ^^). The uniqueness statement in 
Theorem O ensures that we can extend u £ G C([0,T e + T' e ], H s (M. n , N)) to be a 
solution of (|5.2p . 

After a finite number of steps (namely I where T e + lT' e <T Q < T E + (l + l)T' £ ) we 
manage to extend Ve G (0, 1), u £ to be a solution of flO) in C([0, T ], # s (R n , AT)). 
Note that ()5.106p is simply a restatement of (|5.98p . □ 

Proof of Theorem [TUl For s > [f] +4, let m £ G C{[0,T q ], H s+1 (W\ N)) be 
a solution of (|5.ip . Choosing a sequence — > we conclude, by means of Theorem 
EH and Lemma SHO that there exist functions u G C([0, T ], H S+1 (M", AT)) and 
u G C([0,T ],H s+1 (R n ,W n )) with u = w o u satisfying the initial value problems 
(|3.ip and (|2.10p with e = and v — u ° u . 

To prove the well-posedness of the Schrodinger flow (i.e. when (3 = in 
(|1.4p ) we refer to work of Ding and Wang [12j and McGahagan [32] . By adapt- 
ing the argument of Ding and Wang [12] one can show that if a solution, u G 
C^To^iF+iQR^AO) with s > [f ] + 4, to the initial value problem (TO} (with 
(3 = 0) exists then it is unique. This argument makes explicit use of the fact that 
the target is compact and isometrically embedded into some Euclidean space. We 
present and extend here part of an argument that appears in the proof of Theorem 
4.1 in |32j. These inequalities yield uniqueness and continuous dependence on the 
initial data for general /3 > 0. Let Ul ,u 2 G C([0, T ],H S+1 (K™, N)) be solutions of 
(Ed]) with initial data «?, u° 2 G H S+1 (W\ N) with s > [|] + 4. Following the nota- 
tion in [32] let V = Viii and = Vit2- Let V(x) represent the parallel transport 
of V to the point U2(x) along the unique geodesic joining the points. McGahagan 
proves (see end of the proof of Theorem 4.1 in [321 ) that whenever \\ui — w° 

is small enough (depending only on the geometry of N) and (3 = 0, then 



(5.107) - ||W - V\\% + ||m - u 2 \\ 2 L2 )< C [\\W - F||l 2 + ||ui - uallis 



d_ 

dt 

where C depends on the i/[2"] +4 norms of u\ and u 2 . In the case that it° 
McGahagan concludes (using Gronwall's) that \\W — V]]^ = \\ui — u 2 \\ 2 L 2 = 0, and 
that therefore m = u 2 a.e.. In appendix A we show that the inequality (|5.107p 
(and therefore also the uniqueness result) remains true for all (3 > 0. 



2 
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Since the unique solution is constructed as a limit of solutions of equation (|5.2p 
letting e — * 0, the estimate in Theorem 15.91 yields that 



(5.108) sup ||Vu(t)|| ff a < 3||Vuo|| ff «. 

0<t<T o 

To prove the continuous dependence on the initial data note that, in general, 
([5107]) yields 

(5.109) \\W- Vf L2 (t) + H - u 2 \\Ut) < e ct (\\W° - VYl* + H~ <\\h) , 

where W° = Vitj and V°(x) is the parallel transport of V° = to u 2 (x). Since 

(5.110) \\W - V\\ 2 L2 (t) < \\8ui - du 2 \\ 2 L2 (t) + \\ui- u 2 \\ 2 L2 (t), 
and 

(5.111) \\du x - du 2 \\ 2 L2 (t) <\\W- V\\\ 2 {t) + \\u x - u 2 \\\ 2 {t), 
(jSTTUg)) yields 

(5.112) \\8ui du 2 \\\ 2 {t) + \\ Ul - u 2 \\l 2 {t) < e ct (\\du1 - du° 2 \\l 2 + K - u° 2 \\h 

Note that (|5.112p ensures that C([0, T ],H s+1 (W l , N)) solutions to (JTHJ) with s > 
[§] "t" ^ depend continuously in H l on the initial data. To show continuous depen- 
dence in H s for s' < s we need to use a classic interpolation inequality in K". If 
Vi = Luoui for i — 1,2, where lo denotes the embedding of N into W then combining 
and (|5.112|) we have 

(5.113) lift;! - dv 2 \\Ut) + ||«i - v 2 \\Ut) < e ct (j|ft° - dv%\\ 2 L2 + ||v° - u°||| a ) . 
Interpolation, Lemma |4~71 Lemma |4~8I (|5.108p and (|5.113|) yield for s' < s 

(5.114) \\dvi - dv 2 \\ H s> (f) < \\dvi - dv2\\i.(t)\\dvi - dv 2 \\]~A(t) 

< (\\dvx\\t(t) + ||ft 2 ||i(*)) ||fti - dv^it) 

< (iKIIS. + IKIIS^II^-^lt^W 

< 

Inequalities (|5.113|) and (|5.114|) prove that if Ul ,u 2 € C([0, T ], # S+1 (]R", TV)) are 
solutions to (|1.4[) and ||u5 — 77.2 II [f]+4 * s sman enough then the functions v\ = 
wou! and v 2 = lo o u 2 , which are solutions to the ambient equation, depend 
continuously in the H s +1 (R n , R p )-norm on the initial data for s' < s. As mentioned 
in the introduction by means of the standard Bona-Smith regularization procedure 
([8| 1191 122 j ) one can prove that the dependence on the initial data is continuous in 
H s+1 (M. n , R p ). It is in this sense that we express the well-posedness of (|1.4p . This 
concludes the proof Theorem 11.21 □ 



KII3- + ll«§llf . V ct \\H - dv° 2 \\ L2 + H- v° 2 \\ L2 
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Appendix A. Proof of (I5.107|) for j3 > 

Since the proof follows closely the one of Theorem 4.1 in [32] we only sketch 
the main ideas here. 

We let u x ,U2 € C{[0,T ] 1 H s+1 (R n 1 N) be two solutions of (TO} with initial 
data u\ respectively u 2 and we assume that \\u\ — 1 1 [f]+4 * s sma l L As in [32] 

we let 7(cc;cc,t) be the unique length minimizing geodesic (parametrized by ar- 
clength s G [0,l(x,t)]) between ui(x,t) and U2(x,t), where 7(0; x, t) = ui(x,t) and 
7(i(x, t);x, t) — u 2 (x,t) (the existence of the geodesic follows from the argument 
on page 392 in [32] ; note that this argument is also applicable if v,® and u 2 are 
only close to each other in L n ). Moreover we define V k = d k ui, W k = dku 2 and 
V k = X(l, 0)Vk as the parallel transport of V k to the point u 2 . In the following we 
let X{1,0) =: X. 

In [32 , page 391, the following commutator formulas are derived: VF € T Ul N 
we have 

XJ{ Ul )F = J{u 2 )XF, 

(A.l) [D k .X]F= [ X(l,T)R(dkj,d sl )X(r,0)Fdr. 

Jo 

Additionally the estimates 

\\[D U X]V\\ L 2 + \\[D,X]d t ui\\ L i + \\D[D k ,X]V k \\ L 2 
(A.2) <c(\\W-V\\ L2 + \\u 1 -u 2 \\^ 

have been derived in [32] (see estimates (42), (43) and page 395). In the following 
we also need the fact that 

(A.3) \\[D k ,X}Vk\\h <c(\\W-V\\h + \Wi-u 2 \\l 2 ). 

In order to see this we note that 

\\[D k ,X]V k \\ 2 L2 <c\\lVklVk\\ 2 L ,. 

For 7i > 3 we can use the Sobolev embedding theorem and Holder's inequality to 
get (note that < c(\V\ + \W\)) 

\\[D k ,X}Vk\\h <c||V/||| 2 |||W| + |W|)|||„ 

<c\\W-V\\h- 

In the case n = 2 one argues with the help of the Brezis-Wainger theorem as in 
[32], page 395. 

Now we are finally able to prove (|5.107p . Since u\ and u 2 are both solutions of 
(fl~4]) we get 

d t u 2 - (J{u 2 ) + (3)t{u 2 ) -x(d tUl - (J( Ul ) + /9)t(«i)) = 0. 

Using the previous definitions and the commutator formula (jA.lj) we can rewrite 
this equation as follows 

8 t u 2 - Xd tUl - J(u 2 ){D k W k - XD k Vk) = f3(D k Wk - XD k Vk). 

Multiplying this equation with (DkWk — XD k V k £ T U2 N) and integrating we get 

f (d t u 2 -Xdtu u D k W k - XDkVk) = /3 f \D k Wk-XD k Vk\ 2 . 
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Next we calculate 



/ (d t u 2 - Xd tUl ,D k W k - XD k V k ) 

JR™ 

(D k (d t u 2 - Xd tUl ),W k - XV k ) - [ (d t u 2 - Xdtm, [X,D k ]V k ) 
(d t W k - Xd t V k , W k - XV k ) - f ([£>*, X]d t u u W k - XV k ) - I 

JR» 

\d t [ \W k - XV k \ 2 + [ ([X, dt]V k , W k - XV k ) -I -II 

Z JR" JR" 

\d t [ \W k -XV k \ 2 -I-II + III. 

1 JR" 



2 

Combining this with the above equality we conclude 



\d t f \W k - XV k \ 2 +13 [ \D k W k - XD 

Z JR" JR" 



k V k \ 2 = -I -11 + III. 



Next we estimate the three terms on the right hand side. We start with 
\H\ <c\\W k - XV k \\ L 2\\[D k ,X]d t u 1 \\ L 2 
<c(\\W-V\\h + \\ui-u 2 \\ 2 L2 ), 
where we used (| A.2|) in the last line. Using the same arguments we also get 

\in\ <c\\w k - xv k \\ L 2\\[x,d t ]v k \\ L 2 

<c(\\W-V\\i 2 + \\ Ul -u 2 \\l 2 ). 

In order to estimate / we use equation ()1.4p . the fact that VJ = and (lA.lj) to 
rewrite 



(d t u 2 -Xd tUl ,[X, D k ]V k ) 

((J(u 2 ) + /3 T (u 2 ) - X(J( Ul ) + (3)t( Ui ), [X, D k ]V k ) 
((J{u 2 )+(3)(D k W k - D k (XV k ) - [X,D k ]V k ),[X,D k ]V k ) 
= 1 ((J(u 2 )+(3)(W k -XV k ),D k ([X,D k ]V k ))+p f \[X,D k ]V k \ 2 . 

JR" JE" 

Using Holder's inequality, (|A.2[) and (|A.3[) we get 

|I| <c(\\W~V\\h + \Wi~u 2 \\ 2 L2 ). 

Altogether this implies 
(A.4) 

|M/ "^' 2+/3 Jr \ DkWk ~ XDkVk \ 2 ^<\\ W -V\\h + \W-V2\\l2). 

Next we need to estimate ^dt J R7l \ui — u 2 \ 2 . In order to do this we argue as in 
[32) and we consider N to be isometrically embedded into M. p and we extend J as 
a continuous linear operator on K p . In the following we denote the second funda- 
mental form of the embedding N <^-> R p by A. With the help of these conventions 
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we calculate 
1 



:0 t 



\ui - u 2 Y 



{d t {ui - u 2 ),ui - u 2 ) 



= / (J(ui)Aui - J(u 2 )Au 2 , ui - u 2 ) + (3 / (Aui - Au 2 ,u x - u 2 ) 



+ / ((J(«i)+)9)A(ui)(Vu 1 ,V«i)-(J(u2)+/3)A(u2)(V«2,Vu a ),«i-«2). 
Arguing as in |32) . page 296, we get the estimate 

((J(in)+^)A(in)(Vui,Vui) - (J(u 2 ) + /3)A(u 2 )(Vit2 ) VM2),ui -«a) 



+ / (J(iti)Aui - J(u 2 )Au 2 , Mi - it 2 ) 
<c(||^-T/||i 2 + || Ul ~ U2 || 2 L2 )- 



Moreover we note that 

/3 / (Aui — Au 2 ,ui — U2) 



|Vui - Vu 2 \\\ 2 



and hence we conclude 



1 



(A.5) ~d t I K- M2 | 2 + /3||V Ul -Vu 2 || 2 L2 <c(||W-^||| 2 + |K-u 2 ||l 2 ). 
Combining (|A.4|) and (j A.5|) finishes the proof of of (|5.107[) for general (3 > 0. 
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